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F OREWORD

This report was prapared by Generdl Mills, Inc., Minneapolis, Minnesota,

cn Air Force contract AP33(616)-7400, under Task Nr 50855 of Project Nr 5216,

"Stellar Aberrascope Study Final Report". The work was administered under

the direction of the Navigation arn G.itdance Laboratory, Wright Air

Pevelopment Division. Captain David May and Mr. .o:.n Z.in. :;ov. ed tech-

nical cognizance for the laboratory.

The studies presented began in June 1960, wece concluded in December

1960, and represent an effort of the Tracking and Control Laboratory,

Engizneerl-ng Department, General Mills, Inc. Charles Eumurian was the

engineer responsible for directing the study.

Although the study was a group effort, the chief contributors and their

field's of interest were: R. Lillestrand, concept design; C. Eumurian,

J. McGillicuday, and G. Beck, mechanization; J. Hamilton, detectors;

R. Ginsberg, optics; R. Carlsqn, inst-ramentation; J. Carroll, error

analysis; and C. Grosch, system analysis.

This report concludes the work on contract AF33(616)-7400.
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ABSTRACT

A satellite orbiting about a celestial body, equipped with a device for

star tracking, will obsere that the stars sometimes pass behind or emerge from

thc limb of the body. It is shown that a measurement of the times of six inde-

pendent horizon star transits will permit the determination of the six para-

meters of the satellite orbit with respect to inertial space. From the orbital

elerents. the altitude and sub-satellite point can bt aeter-..xiu as a function

of time in a self-contained marner.

Since the topographic irregularities of the planetary surface and the

variability of the atmospheric transmission due to clouds and other sources of

attenuation in the atmosphere might introduce large errors into the transit

time measurement, it is proposed that star transit measurements be made while

the light ray is still high in the atmosphei.e. The time of star transit can

then be defined as that instant at which the rafractirn or the attenuation of a

star image has built up to some predetetmined value. Each celestial body re-

quires special study based on the characteri.;tics of its atmosphere - if it has

any. In the case of the earth an investigation has been made of the use of

atmospheric refraction or spectzal absorption at altitudes ranging from 100,000

to 200,000 feet. As a result it appears that rms errors in the altitude of the

constant density surface will not exceed a distance of one mile.

In contrast wit., spectral absorption which iz a scalar quantity, the atmos-

pheric refraction is a two dimensional vector. Thus, by measuring the direction

of the refraction in inertial slAce as well as using Its magnitud,3 to derive the

transit time measurement, it is possible to derive all of the orbital elements

with only three independent horizon star transits. If we can assume that the
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orbit is circular tc an acceptable degree of approximation, it is possible to de-

nrvyc all o. the information necessary for a self-contained navigation system from

orly one star transit. This can be done by measuring the two components of the

refraction vector plus the time rate of change of refraction.

An error analysis has shown that typically this technique will enable us to

define our position to within about two miles fo-" an earth satellite if each rms

transit time error is one-tenth of a second. Error sensit-.j coszfficients are

shown for various orbital planes. Of particular note is the ,'act that the orbital

period can be de-ermined with extreme accuracy, and therefore tne semi-major

axis of the satellite orbit can be calculated to an accuracy considerabl better

than one mile.

By means of additional star transits or by measuring the time of passage

into and out of the shadow caused by the sun, it is possible to define more

than the six basic parameters. The two or three parameters of an aspherizally

shaped isorefraction surface can be derived, thereby giving an estimate of the

shape of the central body. If the planet is a spheroid, the spatial orientation

of the axis of symmetry can be computed. in addition, an independent determina-

tion can be made of the mass of the planet.

The refraction measzing instrument (aLerrazcope) consists essentially of a

pair of opposed optical systems which are attached to a central housing contain-

ing the error detection system. The identical optical systems are the Dahl-

Kirkham type wits a 100 inch focal length, 4 inch aperture and 8 inch separation

between the secondary and the primary mirrors. Vycor brand glaz will bc used

for the mirrors ard 36% Nickel (Invar) will be used for the optical system hous-

ing. The wall thickness of the conical optical housing will be 0.05 inches,

vi
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this thickness will be sufficient to meet the rigictity and vibration require-

ments. The housing for the central portion of the aberrascope will be fabricated

of lighter materials than Invar in order to reduce the over-all weight. The

over-all length of one aberrascope is envisioned as oeing 24 inches. A system

of two aberrascopes is pictured in the frontispiece and the o'er-all dimensions

are 24 inches x 24 inches x 16 inches. It will probably weigh 50 pounds and

consume 80 watts jf power. The measurement accuracy .ff the _nstrument will be

0.1 seconds of time; it will essentially be a time measuring instrument. The

over-all system accuracy which can be achieved is 2 miles or smaller (one

sigma error).

In place of rotating the entire aberrascope, the knife edge error detector

alone will be rotated. This gives the single-axis instrument a two-axis capa-

bility. The rotating knife edge can be made small and completely encapsulated

in its own environment, thus avoiding the problems of rotating elements in a

vacuum. The motor which will drive the rotor will be built right around the

knife edge bar. The incoming stellar radiation will pub taru a window on the

rotating error detector package and will impinge upo the rotating knife edge.

From this knife edge, the stellar radiation will be reflected onto an ellip-

soidal mirror which has alteniate transparent and reflecting surfaces. Thus the

energy will either be reflected or will pass thru the mirror. A second ellip-

buidal mirror will reflect the energy which passes thru tha first mirror into a

second path. Thus the energy will ultimately arrive at one of two photomulti-

plier tubes, depending on the type of surface encountered at the first mirror.

It is difficult to abstract the rotating error detector: the body of this

report must be studied in order to appreciate the salient features of this

vii
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device, This rotating error detector is the very heart of the aberrascope and

its unique capability (in combination with the photcmultiplier tubes) can be

su-med as follows:

l The incoming radiation is used 100% of the time.

2- One photomultiplier tube can perform the entire tracking
function exclusive of the operation ol the other tube.

3. Chopping of the incoming radiation is perfr ^v '.
rotating the image, thLs simplifying the sy5.,

4. The rotating knife-edge operates in a sealed environment.

The entire rotating error detector package is translated with four servo

drives into a null position where the stellar image impinges exactly on the

center of the knife edge. The outputs of the aberrascope will then be the

output of two interferometers which measure the translation of the center of

the rotating error detector. When one star line-of-sight dips into the atmos-

phere, refraction wiL build up and one end of the rotating error detector will

shift accordingly. When this motion (refraction) has built up to a prescribed

level (8 to 10 seconds of arc), time will be recorded ara an occultation will

be said to have occurred.

The equations for determining the orbital parameters from the occultation

times are given in the body of this report. The soluUon of these equations as

well as the equations for determining the position ove." the earth from the

orbital parameters will thus locate the sub-satellite point on the surface of

the earth as well as indicate the altitude above the surface of the earth.

M ndger(/
Tracking and Control Laboratory
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RECO1MENDATIONS

As a result of the information contained in this report the following

recommendations can be made at the present time:

1) Since the potential accuracy of the aberrascope occulta-
tion technique is about ten times greater tL-n the
aberrascope aberration technique, it is recommended
that the occultation technique be used for low altitude
se'f-contained earth satellite navigation j em!;.

2) since long term thermal stability is not necessary when
using the occultation technique, it is recommended that
a non-rotating aberrascope d,!sign be used. This will
result in a considerable simplification in the instru-
ment design.

3) Since the refraction measurement provides twice as much
information at each star transit as does the spectral
att'enuation measurement and since the potential accuracy
of the refraction technique is greater than the spectral
attentuation measurement, it is recommended that the
definition of star transit time be based on a purely
refraction measuring instrumEnt. It is also recommended
that this instrument be designed to measure both the
magnitude and direction of the refraction.

4) Since the effect of instrument errors is smaller if
we track stars to low altitudes and since at these low
altitudes there is a concomitant increase in scattered
background radiation from the sun, it is recommended
that we relax our diametricity requirement in the star
selection in order to obtain brighter stars. If we
consider stars deviating from diametricity by as much as
20, we can hope to find pairs of M-- -4. This reduction
of about 3 magnitudes from the requirement for the
aberration system will yield an increase of about 15
times in iltensity. It will also tend to relax the
initial acquisition prob>ems.

5) Since the Rayleigh catteri.,6 drops off in a manner
proportional to ~ -, and since the sun's raclation
peaks t.t X= 5,000 A, it is recommended that we
investigate the use of photo multipliers or photo
conductive celle for operation in the spectral region
from 5,000 - 10,000 angstroms. This will call for a
search for bright low-temperature stars in contrast
with the high-temperature stars required for the
precise tracking when making the aberration measurement.

ix
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I
6) Since the added instrumentation for measuring the time

of passage into th3 earth's shadow will be minimal, it
is recommended that we add to the basic star tracking
system the capability of measuring the times of ingress
or egress of the sun, and that this measurement be made
in the region of thc CO2 absorption line at 4.3 m crons.

7) Since the principal value of our system lies in the fact
that it can be made completely self-contained and since
most viewing geometries will permit many more than six
independent measurements, it is reco r d.A t-.t w_
immediately initiate an investig.oiOn of quirements
for a satellite-borne computer. The investigation of
calculational procedures should take cognizance of the
fact that the most accurate measurement will be the
stellar transit time, the next most accurate the solar
transit time, the next trost accurate the direction of
the refraction vector in inertial space and the least
most accurate will be the measurement of refraction raLe.

8) The measurement of the magnitude of the refraction to an
accuracy of 0.25 to 0.5 seconds of arc will be sufficient
to keep the instrument error equal to or less than the
meteorological errors. However, the measuremenL of the
direction of refraction should ideally be good to about
1/2000 radian in order to yield an error of 2 miles on
the earth's surface. This implies an rms accuracy of
0.02 seconds of arc in a 40 second of arc refraction
measurement. Because of the desirability of using the
direction as well as the magnitude rc!'raction information,
it is therefore recommended that we attempt to achieve
an accuracy ox 0.05 to 0.1 seconds of arc when measuring
the atmospheric refraction with the non-rotating aberrascope.

x
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INTRODUCTION

This report is tne second and final report being submitted to the Wright

ar Development Division in accordance with the requirements of Air Force

contract rumber AF 33(616)-74oo which is entitled: "Theoretical Investiga-

tion of New or Unexlored Techniques for Recoverable Orbital Vehicles".

The revi _is quarterly report Lresentea an analysis of the guidance problem

in zhc light of an aberration sensing instrument. The .. t'i of the

various aspects of a" abcrration measuring Instrument were given. At the

same time, a preliminary analyis was given to the consideration of an

r instrnment which measurcd occultativa Lime for a given star. From the

cccultation time measurements, the orbital parameters and finally the

r rosition over the earth can be established.

While it was stated in the last quarterly report that the instrument

design under consideration could be used for either the aberration or the

occultation tecnniques, further study has shown the feasibility of chang-

ing some of +ht original instrument design charactcr4stics in order to take

full advantage of the occultation technique. This technique does have dis-

tinct advantages and its use will simplify the instrument deshgn but will

limit its use to the occultation method. The body of this report describes

in detail the phenomonological basis on which the occultation measurements

can be made. In addition, the salient features of the occultation instru-

inent will be pointed out. The instrument is now called the "non-rotating

aberrascoPe". In general two of these units, mounted 900 t. each other,

will be used for determination of the orbital parameters.

Again, as predicted in the last quarterly report, this report

emphasizes the actual design of an instrument. Drawings of various

portions of the instrument as well as detail specificaliens are

"Manuscript released by the authors, Decerber 1960, for publications as a
WADD Technical Report." I



included in this report. Some quotations on the cost of ..itings and

other out-of-house purchased parts have been received. Lius, we are

well prepared to iove ahead ini.o the prototype development as the

next logical step in this satellite guidance progxam.

[
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II. GUIDANCE SYSTEM BASED ON MEASUREMENT OF STELLAR OCCULTATION TIME

A non-rotating aberrascope can be used to measure the times of transit

of a star behind the earth, and it can provide information regarding

the direction of the refraction in inertial space. 01th these measure-

ments it is possible to determine all of the orbital elements by observing

three star transits. If we add a number of simple infrared sensitive

phutoconductive cells to measure the time at vhwlh -0- ;pllitfte

passes into and out of the earth's shadow, only two star transits are

needed to determine the orbital elements.

By measuring the refraction rate or the intensity loss due to

differential refraction, additional information can be obtained

regarding the altitude of the satellite. These two measurements lead

to greaer errtrs than the stellar or solar transit time measurements,

so they Pre expected to be used only in making first approximations

of the orbital parameters.

A. Transit Time Measurement Only

An observer stationed on a satellite can determine his orbital

parameters by observing the times at which at least six known stars are

occulted by the planet about which he is rotating. Having determined

the parameters of his orbit he can predict his position relative to the

planet as a function of time, and he therefore has a completely self-

contained navigational system. The calculations and discussion given

below reveal some of the factors involved in designing such a system.

The first problem encountered with a navigation system based on

the measurements of stellar occultation times is that of the irrcguler

shape of the earth and the presence of clouds at various altitudes.

These effects are i.,lustrated in Figure 1. Since the highest mountains

3
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rise co more than five miles, a limitation to ac uracy is immediately

imposed. Clouds present an even greater source of error in that they

are sometimes observed at altitudes in excess of ten miles. These

two sources of error could be circurverted by using for ocpultations

some phenomenon which lies at a'titcdes in excess of those where

clouds are observed.

Two possibilities are shown in Figure ±. One ., these i2 hased

on the measurement of atmospheric refraction and the other on the

masurement of the atmospheric absorption of starlight in various spectral

regions. These techniques will defite an "occultation surface" surround-

ing the earth. This surface will be defined as the point at which the

J atmospheric refractio, or the spectr&l absorption builds up to some

predetermined value.

To obtain the ultimate accuracy achievable with the navigation

system, an occultation surface must be selected possessing an altitude

characteristic which can be accurately predicted. For example, if an

occultation surface is used based on the absorption caused by ozone

in the .20 to .29 micron region of the spectrum, an attenuation of the

Usignal from the star of 50% might, on the average, be observed at an

altitude of 115,000 feet (35 km.). But it is well known that the

ozone composition of atmosphere undergoes extreme latitudinal and

s, asonal variation, and in order to Echieve the best possible navigational

accuracy it would be necessary to correct for these var.ations. If the

altitude characteristic of the "occaltation surface" were defined on

the basis of atmospheric r'efract on, corrections due to seasonal and

latitudinal variation6 in the temperature and density of Lhe atmosphere

would also have to be made; however, the isorefraction surfaces are not

5



cxi,e -ea % fluctuate as widely as the ozone isoabsorption surfaces.

if the satellite were rotating around a planet with an unknown mass,

a_%,j if tbt altitude of the occultation surface is not known, an additional

a neasurement would be required for each of the additional para-

mcm 'c determined. For example, if one assumed that the occultation

s rfacc~ai *n"e zhape cf an ellipsoid of revolution, two additional occulta-

ooj.os wculd be needed to define the parameters of this surface, if the

planet itse x na. an aspneric shape, this could also be odetermined with

adi::Lona_ stars, nowever, a more accurate determination could probably

Lt :taincd by noting the secular variations in the longitude of the node

and in +he argument of the perigee over a large number of orbital

rctaTions

Since the semi-major axes of the orbit is a function of the orcital

period only, we have

[L 02/3 a = Semi Major Axis

T T = Period of Orbit
a Fe = Radi,- of Earth (1)

g = Gravity at Earth's Surface

and therefcie by measuring the time from one occultation of a given star

to the next occultation of this star, we can computer the semi-major

axes in a particulorly simple manner. In addition, the systematic

errors in the measurement )f occultation time cancel out in determining

the orbital pe:iod, and thus this parameter can be determined with great

accuracy.

From Equton (.i, we can deturmine the accuracy with which the occulta-

tion time must be measured. If 6-(a) is the rms error in the calculation

of the semi1-major axis an, 0 (T) the rms error in the measured urbital

period, we can write

::-(T) =3 6 (a
T 2 a

6



For low altitude earth satellite orbits, a -4,000 miles and T : O 100

minutes. Since the errors caused by the uncertainty in the altitude

of the occultation surface are of the order of 1/2 m.1e, the accuracy

with which 0- (T) should be measured in order to contribute a

comparable error is C- (T) 1 second.

The occultation technique finds its greatest value for low

altitude satellite orbits. This becomes e,,idenL fr F-i-re (2)

where we have shown the relation between the orbital altitude and the

percentage of the sky occulted by the figure of the earth during one

rotation of the satellite. For a circular orbit of 400 n. miles

altitude, stars lying in 90 per cent of the sky will be occulted

during each rotation, while for orbits of 40,000 miles altitude,only

about 8 per cent of the sky is swept out during each rotation. This

altitude problem is further compounded by the fact that orbits which

are inclined relative to the earth's equator will undergo a nodal

regression due to the oblateness of the earth. This results in

certain periods in which those stars whose position- v £e close to

the axis of the orbital planc will undergo no occultation.

B. Maximum Information Derivation

Thus far we have considered the use of the occultation technique

to form a self-contained navigation system in which only occultation

time measurements are used to define the orbital parameters. The

refraction measurement provides no more information than the spectral

absorption as a means of defining the occultation event.

Refraction may, however, be regarded as a two dimensional vector

having direction as well as magnitude - in contrast with spectral

absczption which is purely a scalar quantity. Thus, the following

7
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infonr.ation can be derived from each occultation measurement if the

atmospheric refraction is measured.

1) Occultation time, seconds, T

2) Direction of refraction, radians,,e

3) Time function of magnitude of refraction, /?(t)

These are listed in order of accuracy irom the standpoint of the self-

contained determination of the orbital elements. If we are dealing with

a circular orbit, it is possible to determine all cl i.e elements of the

orbit from a single star transit measurement in the following manner.

1. Time Measurement

As a result of the measurement of the star transit time, we

know that we are somewhere on the surface of an elliptical cylinder

at the time of the star transit. This is shown below.

The direction of the axis c this cylinder is given by the position

of the star we are tracking, its shape, by the shape of the isorefraction

j layer and, ultimately, by the shape of the earth.

The errors in the time measurement will not introduce an error

of moro than one or two miles.

2. Direction of Refraction

Having established that we are somewhere on a certain cylinder,

the measurement of the direction of the refraction enables us to deter-

mine that we are somewhere along a line on this cylinder - this line being

S. 9



a straight one lying parallel to the axis of the elliptic cylinder.

Y

/ -Direction of refraction
X

Flattened
Darth

If we can measure the refraction to O.l when the magnitude is 50'.0,

then the error in direction will be of the order of' '.I3 ruins. At the

radius of the earth this will correspord to about 3 iO/500 = 7 n. miles

error in position.

3. Time Function of Magnitude of Refr' ction

By measuring the rate of changlE .,f refraction it is possible

to estimate the sem, "ajor axis uf the orbit (assumed in this case to be

circular).

- -- -1/2 2 £ 1/2
A" ---"'r = (Aeg  (14-s )

3/2

Whcre -,e know /0 I g andPe directly, we can solve for 4r 0

as follows.

The atmospheric refraction may be written

P = Ko  exp[-K('Ot /o )

i =-Ko/ 1 ,t = A, R v 0

"4to R -/O lR

Since we can measure 9 and D , we can compute tr o . Knowing

IF we can compute a
0 /0

10



At R = 50 sec., the value of 1 is probably of the order of

50 sc/sec. Probably E could be held to 0.1 seJ ., butj-? will

probably be of the order of 1 se/sec.

This means that - 2 x 10 From Figure (4) it can be shown

that for a 300 mile orbit Ar = 2_00 ft/sec = 17 ft/sec/mile
h 150 miles

Since 'A o = 9,000 ft/sec

o = 180 ft/sec

and therefore h = 1 nile (180 ft/sec)
J 17ftTsec

i0 milesI

C. Combinations or Measurement Techniques

The basic navigation technique under consideration is that of the

measurement of star transit times, but the foregoing discussion leads

to the consideration of several other measurements which, when combined

with the basic technique, yield either

1) additional parameters, such as the mass of the planet or
the shape of the transit surface,

2) a complete determination of the s. .x orbital parameters in
less than one complete rotation of the satellite, or

3) a more accurate determination of the orbital elements by
selecting the calculation technique yielding the smallest
values of the error sensitivity coefficients.

Figure (3) contains a s'mnary of the vaijous combinations of

measurements. In this figure one series contains the cases in which

only the times of ingress are measured; another series contains the

cases in which the ingress times plus the times of egress occur in the

earth's shadow (reacquisition is a problem if the egress ocevrs in an

atmosphere illuminated by the sun); the last case contains the general

solution in which all ingresses and egresses are included. In each of

11
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these cases there may be eltner two or four stars occulted per rotation.

This occurs because the stars are picked in diametrically opposite pairs.

In o-der of accuracy for instrumentation now under consideration,

the following additional measurements can be made:

1) time of passage into earth's shadow,

2) direction of r'fraction in inertial space, and

3) refraction rate as a function of time.

Various combinations of these techniques are shown in Figure (3).

For example, if we measure the time of ingress only, if four stars are

occulted per rotation and if we measure the direction of the refraction

vector at each ingress, then Figure (3) shows that nine measurements are

available per satellite rotation.

The use of the refraction rate information is nt shown in Figure (3),

since this information is not very accurate and will be used primarily for

the first estimate of the orbital parameters rati.-r than for the final

calculation. In deriving Figare (3) it was assuned that at the completion

of 360 *rotaticn one additional measurement would be used to determine

the semi-major axis. it is not known whether all of the combinations

sh ,n in Figure (3) are inlapendent and therefore additional %Malysis

is needed regarding this question.

The measurement of star transit times alone leads to certain

conditions in lihich the orbital parameters either' cannot be determined

oi are suboaec t to large errors. Thus, pernaps the most important point

to be m:ade as a result of Figure (3) is that the addition of refraction

direction and solar transit time measurements results in an extremely

flexible system with many alternative methods of calculating the

orbital parameters. The price of this flexibility is very small, in

that the additional measurements require little additional instrumentation.

13



III. PHENOMENOLOGICAL CONSIDERATIONS

A. Methods of Defining Transit Time

As starlight moves into the earth's atmosphere or emerges from

behind the earth, the dynamic response of the detection in~strument

must not limit the measurement of time. The faster the rate of

ingress or erress, the more difficult the instrument design problem.

Consider the geometry shown below, where the z'.co-o.*ing srmbols

are used:

= radius of planet

/0 = radius to occulting layer

= radius to satellite

= angle from point of tangency of ray

on occulting surface to satellite

gravitational acceleration ats

satellite altitude = /s -/

= velocity of satellite

/ = component of satellite velocity
perpendicular to occulting surface
at point of tangency of ray

For the present example, assume that we are dealing with a

spherically shapea planet and a circular satellite orbit.

r

1(0



='ir sin 9
0 S,

but sin 9 = ( -2 ) 1/2

Therefore

o1/2 '2 21/2

A S 3/2

To find the maximum value of A,0 we let L)r 0 = O,

And therefore 49 = . For the earth 34O 3150 1 30

n. miles, and therefore the velocity 1/r o will be a maximum for

satellite orbits of /s = 6030 n. miles, or satellite altitude = 2580

n. miles, above and below this altitude /r will be smaller, and there-

fore the instrument dynamic response problem .rill be easier. At

h = 2580 n. miles, the value of (/tro ) max. = i6,000 feet/sec. The

value of A1o at various satellite altitudes is shown in Figure (4).

The nature of the function is such that IV o varies surprisingly

little over the usual range of altitudes considered for earth

satellites.

1. Atmospheric Refraction

One of the modes of operation of the system Nreviously

described is that of defiiiiiLg the star transit time on the basis of

some predetermined magnitude (f atmospheric refraction. As will be

eviaent from the charts shown later, the change in the refraction

caused by the atmosphere is so fast compared with the change in the

15
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velPcity aberration -chat the latter may be neglected.

Figure (5) shows the approximate refraction for rays grazing

through the atmosphere at various altitudes. At an altitude of

200,000 feet the refraction was assumed to be 1 second of arc, while

at 100;000 it was assumed to be 60 seconds of arc. If we assume an

exponential atmosphere, the relation between refraction and altitude

can therefore be written

R= 3.64 x IC3 exp (-4.10 x 10 - 5 h)

where Rjis in seconds of arc and L in feet.

In selecting the magnitude of the refraction, Po for the
transit time measurement one must take account of the following

factors.

1) How predictable is the isorefraction surface in question?

2) Are extensive seasonal and altitudinal corrections necessary?

3) Are these corrections known?

4) How accurately can the star tracking instrument measure
the refraction?

5) What tracking problems arise because of the scattered
radiation from the sun?

6) Is the atmospheric attenuation of the starlight sufficiently
small at the level in question to permit ~ to be measured?

Requirements (5) and (6) can be best satisfied by selecting an

occultation altitude which is extremely high. Requirements (1), (2), and

(3) tend to disqualify both the very high and the very l.v altitudes.

Requirement (4) disqualifies the very high altitudes. Thus, if we

are to make the optimum selection uf the altitude of the occultation

surface we mast pick one lying at an intermediate altitude. On the

basis of the factors mentioned above, it would appear that this surface

should lie between 100,000 and 200,000 feet above sea level.

17
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To illustrate how the accuracy of the star tracking instrument

:Sfects the altitude measurement, we can derive the refraction-

altitude sensitivity coefficient from the above equation. We then

obtain

dh = -6.70 exp (4.1 x lO-5 h) feet
[sec. of arc

This sensitivity coefficient gives the number of feet of erro' in t-e

occultation surface resulting from a given error ., 1.ic A eas.rement

J of the atmospheric reiraction.

Figure (6) is a graph of this equation. It shows that an error

J of 1 second of arc causes an altitude err-r of only 400 feet at an

altitude of 100,000 feet. As the altitude increases, the effect of

an angular error in the measurement o.' the refraction increases very

fast - partictlarly &bo,e 150,000 feet. Thus unless an extremely

accurate instrument for angular measurement is used, it would be

desirable to use an occultation surface lying below 150,000 feet.

On the other hand, if an occultation surface lying below 150,000 feet

_.s selected, the response of the instrument must be very fast. This

can be seen from Figure (7) where the magnitude of the atmospheric

refeaction as a function of time is plotted on the left hand ordinate.

On the right hand ordinate the refraction rate is plotted as a function

cf time. This is derived from-the equation

1 - .149 (dh exp (-4.1o x o5 h) seconds arc
dt dt' sec-. d time

:.n the case of Figure (7) an orbit of 300 n. miles altitude and an

occultation surface of 150,00C feet were assned.

Had an occultation surface lying at 130,000 feet been selected,

it would be necessary to make the refroction measurement while it was

19



0 0

D~ oas

200



SamL Oas/oav oaq a~1vd NOIIOVMH.~

00

Hg 03
4-) 0

00 
0*3

0 M

+) -N0 0
H

0

00

0

0~~~ 
0 

0

EAl

21



changing at a rate of about 6.3 seconds of arc per second .-f time. This

raises a quection of the possibility of building an instrument which

measures the rate of change of atmospheric refraction -ather than the

absolute value of atmospheric refraction.

The remainder of the problems associated with the evalaation of the

six factors affecting the selection of the altitude of the occultation

are meteorological in nature and are dis( sed in z tuzcsequent

paragraph.

2. Atmospheric Attenuation

It is possible to define star transit on the basis of the

spectral intensity rather than the atmospheric refraction. Some of

the problems associated with this measurement are considered in

this paragraph.

First, it should be pointed out that the spectral intensity is a

scalar quantity while atmospheric refraction is a vector quantity. Thus,

if we measure spectral intensity at each transit we obtain only half

as much information as we do by measuring atmospheric refraction.

The received signal at the telescope will vary in intensity at a

given altitude of transmission through the atmosphere for a variety of

reasons. Some of these are listed below:

1) absorption of stellar radiation by atmosphere,

2) scattering of stellar radiation by atmosphere,

3) differential refraction of stellar radiaticon by atmosphere,

)-) scattering of solar radiation by atmosphere to create
background noise,

5) radiation from the atmosphere itself,

22



6) large scale varigtion of absorbing and scattering com-
ponents such as 03, H20, and small particles,

7) small scale variation of meteorological conditions which,
to some extent, can be avoided by seasonal and latitudinal
corrections.

In general, all of these phenomena can contribute errors to the

transit time measarement. The following paragTaph discusses the

selection of a spectral region and occultation altitude which will

minimize these errors.

a. Absorption

We would like to pick a spectral region in which some-

thing like 50 per cent absorption* occurs at an altitude in excess

of 60,000 feet in order to make the definition of star transit time

independent of local cloud cover and meteorological variations. This

requirement immediately restricts us to the ultraviolet region of the

spectrum. In the visual portion of the spectrum the absorption is

too small; in the near infrared, where H20 or C02 absorption bands

might be used, the intensity of starlight is n. t adequate.

In the ultraviolet region of the spectrum the absorption resulting

from 02 and 03 is shown graphically in Figures (8) and 9).

(1) Ozone - A gaussian distribution of ozone was

assumed having its peak at 25 km and a .- l width of 10 km. Ther,

using the absorption coefficients for A = 2,000-3,000 l the per

cent transmission was plotted against h with A a parameter. For

this wave length range, we find that .25/U has the cutoff highest in

* We could consider the altitude at which 50 per cent scattering takes

p2ace (or a combination of scattering and absorption), but if the
spectral region in question gives a large scattering of starlight, it

also yields a large background intensity due to scattered sunlight.
This is not desirable.
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tne atmosphere. This is snown in figure (8).

(2) 02 - Again using the air masses calculated in the sec-

tion on scattering, and assuming that 09 constituted 22 per cent of this,

and using absorption coefficients for 02, the percentage transmission is

plotted against a, against using X as a parameter. Here = 1450 A is

the wave length yielding the maximum cutoff altitude. This is shown in

jFigure (9).

From Fiogrs (8) and (9) the following summary is made of the alti-

jtudes at which a 50 per cent atmospheric absorption for radiation in the
various regions of the spectrum occur.

SPECTRAL REGION, A ALTITUDE, KM PRIMARY ABSORBING
CONSTITUENT

1330 - 1650 72 02

136o - 154o 79 02

lLO 82 02

2200 46.5 03

2500 50 03

2800 48 03

In general, the altitude for 50 per cent absorption increased as the
0near iltraviolet at 3,000 A is approached. Were it not for the extreme

fluctuation in the atmospheric ozone content, the region from 2,200-2,800

angs-oroms could be very attractive. While the 02 content does not fluct-

uate to an objectionable extent, its pr,.mary absorption lies in a region

of the spectrum which is largely unexplored. A star wou±d Yequire a tem-

perature of 20,0000 K to peak at 1,500 A, and it woula be desirable to use

0 or B spectral classes if this region of the spectrum were used. For the

stars down to 8.5 visual magnitude, approximately 10 per cent are 0 or B

26



stars, and thl-, the selection of stars is considerably restricted by

operation in the 02 regions of the spectrum.
3

b. Scattering

Atmospheric scattering has two effects. It creates

background radiation and it a~tenua4es the signal being detected. The

following paragraph discusses the latter effect.

Rayleigh's scattering law indicates -cnat the ..sity of scattered
'- 1.

radiation is pr-pcrtional to A -. Thus the region in which the

highest absorption levels are obtained at the short wave lengths is

j also the region in wh.ch the greatest scattering attenuation is

obtained. However, as is evident from Figure (iC,, the signal

loss due to atmospheric scattering is not appreciable above 30 km. Since

absorption is 99 per cent for 02 by 60 km and 03 by 40 km, it is

evident that the scattering attenuation may be neglected.

In deriving Figure (10) observations were made which deserve the

following comments. T.e number uf air masses encountered in a

horizontal line through the atmosphere at a height h was calculated.
4

Then using P. Moon's5 results

JThis gives the transmission coefficient. 1  for scattering as a

function of the scattering coefficient, , at normal pressure

and temperature fsr one air mass. m is the number of air masses

calculated above, p is pressure in mm at height h, and ': is taken

as a function of wave length.
5

Since p and m are functions of h, and k is a function of ,

we plotted in per cent against h using A as a parameter.
Now p is really too high since it is calculated at the point of
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greatest density along the path. But for smaller p, the graphs

merely get moved to lower heights.

c. Differential Refraction

Because of the fact that refraction increases as a ray

dips into the atmosphere, the intensity of the ray is reduced. The

acmosphere acts like a negative lens and disperses the radiation.

j Under certain conditions the loss in signal strenE- ,. e zo differential

refraction is gi ate,- than that resulting from absorption and scattering.

In general, the effect of differential refraction becomes greater as the

jaltitude of the satellite increases.

In order to show how this occurs, consider the sketch shown below.

/1 Elemental area before
refraction, dA0

- Elemental area after
D D refraction, dA1

y /,0- AD

L = 1- D d,Q
.I

The change in intens±ty is equal to the ratio of the elemental areas

___ Thus I dA0  /I /0 d 4 j

dAl y dy d 9 JI(dF7

!= 1

(i- D 1-- 1- D dJQ

But P\ K0 exp (-K 1 f- 0 - e 7 ) and ( 7 , therefore

dI? = -K rand I= 1
d 0 (1 - D ) ( 1 +DK If 9

/0
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Since we are not interested in satellite altitudes greater than 105 miles

or in atmospheric refractions greater than 100 seconds of arc, the ma_;mum

value of D is approximately

~JPs 104,000 x l0 x .85 x 10-6

3450 = 1.46 x 13-2

We may therefore use the following approximation

I = 1

I The values of R and d R_ can be obtained from e n-atinns givcn earlier.
df 0

Iihen expressed in units of radians and nautical miles we may write
Q 1.765 x 10-2 exp 5'- .249 (fo -fe] radians

d = _249  radians

Idfo n. mile

Ten these values are graphed, Figure (11) is obtained. This figure

shows that if the ray penetrates to 100,300 feet (corresponding to about

60 seconds of arc refraction), the effect of differential refraction can

be significant - even for low altitude orbits. Using the ozone absorption

with 50 per cent attenuation at about 160,000 feet, a satellite altitude of

1000 n. miles will produce an effect of differential refraction not exceeding

2 per cent.

A slightly different form of he in ensity function is shown plotted in

Figure (12). A satellite altitude of 30C .Ailes was assumed and the rela-

Ition between height and per cent transmission was derived.
d. Scattered Radiation from the Sun

When the viewing geometry is such that ingress or egress takes

place in an atmosphere illuminated by the sun, the background radiation must

be considered. Scattered radiation from the sun presentc the greatest pro-

blem in the visual region of the spectrum where the maximum of the solar radia-

tion lies. For wave iengths below the solar maxima at/ = 5,000 A, the inten-

sity per unit wdve length tay be approximated by the Wien radiation formu.l
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which states I = K,

exp (ch )
A--kT)

The Rayleigh scattering law states that

A 4

Therefore, since net scattering is proportional to the amount of

solar radiation to be scattered times the scattering coefficient, we

obtain as a measure of the scatter intensity

S 9 exp ( h)

T. find t-ie wave length at which the maximum cf I is reached we let

0, and obtain the equation ch =9

/V T

Since ch = 1.4 3 9 x 104 when A is in microns and T in 0 K, we have
k

for the sun, letting T = 6,0000 K,

Ao = .2665 microns

Thus, a wave length of 2,600 A presents the least favorable

situation regarding scattered radiation from the sun. Of course,

this conclusion applies per unit wave length only. and it may be

expected that the effect of scattered solar radiation will be

greatest, i.e. leest favorable, in the ozone region of the spectrum.

At A = 1,500 A in the 02 region the solar effect per uit wave

length interval will Le reduced to
I ,5 0 [ ' 66 9 / 9 00 2

I 2,66) (.266 = 176 1.6 x 10-

I 2,660 .150 11,000

Thus, the 02 region has a considerable advantage over the 03 region.

Figare (13) shows the effect of scattered solar radiation for a
o

spectral region from roughly 2,500 to 4,000 A. The FOV of the
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telescope was assumed to have a diameter of only 5 seconds of arc -

a value which is probably the best that can be achieved. Since

a star of B spectral class and 3rd magni-ude will yi.eld approxi-

mately 106 photoelectrons per second, it is apparent that scattered

radiation will become troublesome at altitudes below 163,000 feet (as

many photoelectrons as in the signal). Since the 50 per cent

absorption point for ozone occurs at about 160,000 feet, it is

j apparent that solar scattering will be a sericus prokem for

operation in the ozone region of the spectrum.

e. Emission from the Earth's Atmosphere

Emission from the earth's atmosphere in the wave

length regions of interest is so small that it can be neglected.

At very high altitudes in the thermosphere, high kinetic temp-

eratures are observed; however, the atmospheric density is so small

that the radiation is insignificant. At the lowest altitude,

the ray will pass (for ozone) at the level of the mesopause where

the temperature reaches a maximum of about 3000 k. At this temper-

ature and for , _ 2 microns, only l0-5 of the total self-emission

is included.

f. large-Scale Variation of Absorbing Components

Of the gases of the atmosphere which undergo large-

scale variations, 03 and. H20 are the most important. Generally, the

variatIon of 03 is sufficiently great to result in rms errors in the

altitude of the isoabsorption level of at least 3 or 4 miles. The

major 120 absorption bands lie in the infrared and have not been

considered as a source of stellar attenuation.

AddiI-ional data describ*ng the atraospheric ozone fluctuation is

conta4ned in a later paragraph.
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g. Small-Scale Variations of Absorbing Components

The other gases of the atmosphere (other than 03 and

H20) are not subject to such extreme variations and thus their

use as absorption media is considerably more attractive. The major

factor affecting the absorptivity of these gases are the diurnal,

seasonal, and latitudinal variations of density at any given level.

B. Meterological Data

1. Atmospheric Density and Temperature

The classical L'.eory of refraction for a ray passing

through a planetary atmosplre provides the expression

R Yk -1)1/2

where H =

where = refraction in radians

I.-1 = modulus of refractivity at the altitude

o = distance of closest approach of ray to center of earth

R = gas constant

T = absolute temperature

= mean molecular weight of atmospheric gases

g = gravitational acceleration at A

Since (Yo -1) is proportional to the air density, D, and since

the mean molecular weight M may be assumed to be constant at the

altitudes in question, the atmospheric refraction is

KD0

:72
T

Meteorological data indicates that at any given altitude the

statistical fluctuation in temperature is smaller than the

stat.stical fluctuatiun in density. If we assume that the
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statistical fluctuations in D and T are not correlated we may write

'[ {i (D)] + 1 (T) 271/2

Because O-(T)/T is smaller than C7(D)/D, and because T appears

under the square root thus generating the factor 1/4, we may

estimate the rms fluctuation of the refraction from the rms fluctu-

ation of the density as follows:

The problem of determnining the rms error in the occultation altitude

now can be expressed as a problem in determining the statintical

f fluctuation in the altitude of the isopycnic surfaces (D = const.).

In making estimates of the atmospheric refraction for a grazing

ray, the first approximation can be obtained by multiplying the

sea level refraction at 900 zenith angle by twice the density ratic.

9(h) = 2 R(0) (Do)

This has been done in deriving the curves shown earlier.

The next refinement in the refraction calculation is to correct

for the scale height, H, at the various altitudes. Since H = RT/,.=%,

we must consider the variation of T, g and M with altitude. Below

100 km we may assume that M = 28.97, so that the principal sources

cf variation lie in g and T.

Newall6 gives the values shown on the table on the next page.
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f
BEIGH (km) TEMPERATURE (OK) g(cm/sac2) NAEHIH kn

1.216 291.0 8.53

2 276.8 7

10 230.8 6.78

15 209.1 6.16

20 212.8 6.28
J,

25 223.0 6.59

30 231.7 07c .4 6.85

35 244.5 7.24

40 262.5 967.3 7.79

45 271.3 8.06

50 270.8 964 .3 8.o6

55 265.8 7.93

60 252.8 961.3 7-55

65 235.0 7.03

70 218.0 958.4 6.53

75 209.1 6.27

80 205.0 955.4 6.16

Since the refraction R, is proportional to the inverse square root of H,

an inspection of the above data shows that the maximum error in

using the assumption of constant H is less than 20 per cent. This

would correspond to an altitude error of about 5,000 feet at the

altitudes where we will be working.

Since the refraction of a grazing ray is related to t1:e vertical

density gradient, the fact that the atmosphere is not isothermal creates

an additional complication because the existence of a T(._4T )

term creates a source of density gradient other than the exponential
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atmosphere. In the final case it will be necessary to integrate

numerically over various atmospheric paths.

Figure (A) shows the data contained in Figure (6) expressed in

terms of the error in feet resulting from various errors in the

measurement of atmospheric refraction. Also shown in Figure (14)

are the approximate errors in the altitude of the isorefraction level

due to meteorclogical fluctuations. The two extremes represent

the case in which the best available latitiintil .° .na corrections

arL used and the ease in which no seasonal or latitudinal corrections

are used. These limits have been estimated and are described later in

this section.

It is evident from Figure (14) that an instrument error in ine

measurement of atmospheric refraction of 1 to 2 seconds of arc at an

altitude of 100 to 120,000 feet will lead to an error which is

comparable with the meteorologicr.. eirors. However, there are several

reasons why operation at these altitides is not desirable. They are

1) As shown in Figure (13), background radiation from the
sun is very great. Probably only wf-asurements in the
sun's shadow can be made at these altitudes.

2) At 100,000 feet the rate of change of refraction is
about 22 sec of arc/sec time, and the dynamic response
of the instrument must be very rapid. This requires
a wide band width; however, a wide band width is
antithetic to precise tracking in the presence of
large amounts of background noise

3) Since we wish to measure both the time of egress as well
as ingress, we must be able to acquire and stably track
an emerging stex at 100,000 feet. This will be extremely
difficult if we have a small FOV (necessary for tracking
in the presence of large amounts of background radiation).

The net result of these factors is that the transit time should

be defined for altitudes in the neighborhood of 150,000 feet. If we

wish o keep the instrument errors small compared with the meteorological
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e-rrors, and if we make nomina.l seasonal and latitudinal corrections,

it is apparent from Figure (14) that an instrument with an accuracy

of 0.25 to 0.P seconds of arc can be justified.

a. Height Variation of 30 km Surface

This paragraph discusses the problemc of firding the

seasonal and latitudinal height variation of a density surface which

varies about the 30 km level. The data selected for use in this

-tudy is published in the AEMA Climatological Ringbs, " This

report gives montly table.. of mean and standard deviations of

density for various altitudes over ten selected stations.

The monthly values listed at the 28 through 31 km levels were

combined into seasonal values. This was done for only nine stations,

since one of the ten did not have sufficient values at these levels.

The mean and + 3 0- density values were plotted at their respective

levels for each season of each station. A preliminary study of

these graphs showed that the 1.86 x 10-2 kg m-3 density surface

could be expected to occur around the 30 km level. Therefore, the

maximun and minimum height values of this density surface were

tabulated for each season and these values were plotted according to

the latitude of the station. Thus we get a height versus latitude

graph showing the 99 per cent variability limits of this particular

density surface.

The results indicate that a small varietion occurs at all

seasons over the tropics centered at abont 30 km. The - lar regions

show a general increase in height of the surface from winter to summer

with a very small variation during summer. The mid-latitudes show the

same general trend as do the polar regions, but have more variation

41



*
!

during summer.

For any given season and latitude we may generalize by saying that

the density surface will be vithin + 0.5 km of the mean level 99 per

cent of the time. in fact, considering all seasons a-d all latitudes,

we may generalize by saying that the 1.86 x 102 kg m-3 density

surface will be within + 1 km of the 30 km surface.

b. Height Variations of 48 km Density Surface

j In order to investigate the 4nd3 cf At.ca). refraction

at high altitude, a study was carried out on a strong parameter of

this index, the density of the atmosphere. This study, in essence

an extension of a previous study covered in a Memo dpted 29 April

1960, involves the height variation of a density surface occurring

in the neighborhood of 150,000 feet. Due to the dearth of the data

at this altitude, the conclusions drawn must of recessity be considered

as preliminary and "rough".

Various speculations have been made as to density vari-.tions at

a given height at high altitudes but none, to the writer's knowledge,

of the variation of the height of a given density surface. Goody 8

quotes an early study by Whipple, Jacchia and Xopal to the effect

that the upper stratosphere shows a marked seasonal variation in

density and that the upper atmosphere does not seem to react to day-

tc-day changes in surface temperatures. From rocket data, Whipple9

concludes that there is little evidence of a diurnal -ariation but

that atmospheric densities are greater in summer than in winter. As

to latitudinal variations he states that there is no indication of

density variation between the equator and latitude 330 N but meteoric

and acoustic data do indicate increasing densities with increasing

latit.'de.



KllogglO stes that Soviet iocket observations up to 80 km show

that the Arctic summer densities are abo.at the same as mid-latitude

dens2.ties; huwever, Artic wirter densities are 10-20 per cent lower

than mid-1'-tude densities. Kellogg also states that, in the

30-80 km range, tne day-to-day variations of density are greater at

Churchill, Canada, than at White Sands, New Mexico, expecially during

winter.

LaGow, et al studied the Arctic atmosphere using rocket data

from Churchill (590 N). They fina, in the 30-70 km range, that the

summer values are 5-10 per cent higher than those derived by the Rocket

Panel from data taken at White Sands (320 N). Also, in the 25-40 km

range at Churchill, winter densities are lower than summer densities.

Jones, et a112 studied atmospheric densities using a falling

sphere technique. Flights were made at White Sands, Wallops Island

(380 N), Churchill and on shipboard (49-65° N). The Wite Sands and

Wallops flights showed little rnsity variations. Winter densities over

Churchill were generally lower than at White Sandz. in one particular

instance, over a 2-day period at. Churchill, the 50 km density increased

about 80 per cert. This was associated wita abrupt stratospheric warning.

In summarizing the reports mentioned bve, the following condi-

tions seem to prevail in the upper atmosphere. The summer densities

are greater than the winter densities. This implies the movement of an

isopycnic ±evel to higher altitudes in summer. Diurnal variations are

slight in general, but there may be large changes in late winter or early

spring due to abrupt stratospheric warming. Latitudinally there seems

to be little variation in isopycnic ceics from the eqvator up to about
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350 N. Then the levels increase in height with increasing latitude

up to tne polar legions where they remain constant during summer but

show a decrease during winter.

c. Data Calculations

To establish more firmly the above hypothesis and

obtain some order of magnitude of the height variations, a search

was viade for actual data from which height variations aa isopycnic

levei coald be read ±y ca.lculated. A group of high altitude radiosonde

flights were made over Berlin (53' N) which allowed estimates to be

made. Values of density versus height of the 10 mb and 5 mb pressure

surfaces werL plotted on semi-log paper. For spring months there were

42 values at the 10 mb surface and 13 values at the 5 mb surface.

For summer months therc were 40 and 19 values, and for winter there

were 27 and 9 values. Lowenthal13 published a group of summertime

high. altitude radiosonde data from 7 stations. From this daca 15

density-height values for 10 mb and higher were fo nd for Portland,

Oregon; 31 for NarsarssuaY, Greenland, 11 for Denver, Colorado;

30 for Belmare, New Jersey; 10 for Long Beach, California; 14 for

Chanute, Illinois; and 11 for Goose Bay, Canada. All these values

were again plotted on semi-log paper. Finally Elterman presents

a few values from White Sands, New Mexico (6 for summer, 12 for fall)

obtained using a search-light technique.

By assuming a linear relation between height and log d':nsity,

straight line envelopes were determined for "he seasons at the various

stations. Due to the sparse data, these envelopes were assumed to con-

tain plur or minus one standard deviation of density-height values.

From these graphs the mean height and standard deviaticn of the
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I
4.5 x 10-6 gm/cm3 isopycnic level was determined and plotted on a

height versus latitude graph. This isopycnic level occurs around

39.5 km (about 130,000 feet) and it does show an increase in height

with increasing latitude over the mid-latitudes. Insufficient

data for other seasons did not permit a latitudinal variation graph

to be made. The actua2 values, however, are presented below.

Height of 4-5 x 106 gm/cm3 Level

J Location Season Mean Ht (kin) R.q+. T -; fzm)'

White Sands Fall 39.2 0.6

Berlin Spring 38.5 0.4

Berlin Winter 36.6 0.6

The summer standard deviations of almost sll the stations

were 0.2 km.

The results of this study may te summarized as follows

(keeping in mind the scarcity of data):

l) At altitudes of the order of 130-150,000 feet, the
isopycnic surfaces ,are at lower levels during the
winter than during the summer.

2) Latitudinally the isopycnic surfAces vary little in
the tropics, increase altitude uIxh latitude in the
sub-tropical and mid-latitudiral ranges and remain level
over Polkii regions during winter. *The increase in height
between tropical and Polar regions appears to be the order
of 1-1.5 km.

3) The I.e gh. variations of the isop p-nic surfaces are
smallcr during summer than during the other seasons.
During summer 99 per cent of the height values will
fall within 2,000 feet of the mean seasonal height.
During winter this variation increases to 6,000 feet.

4) One reason why the spring and winter vars" .ions are
larger than the suner variation may be because of the
abrupt stratospheric warming which occurs during late
winter or ecarly spring.
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d. Short Term Fluc.aations

It is known that the equal density surfaces fluctuate

in more or less predictable manner according to latitude and season.

By correcting for the effect of these fluctuations the accuracy of

our transit time measurement can be considerably improved. The

]question arises, however, of effect cf short-term fluctuations in
the altitude of the isopycnic surface.

From neteor data it has been observed1" that a- , mean height of

78 km (256,000 feet) the total sea'onal range corresponded to a height

variation of 8.6 km (28,000 feet). Tf this is a more or less sinusoidally

varying function, the rms seasonal fluctuation is about 9,000 feet.

By correcting for this seasonal fluctuation, the rms errar can be

reduced to 2,000 or 3,000 feet.

It was observed that the correlation is not improved by a com-

parison with the actual ground temperature at that date rather than with

the general average. Thus, the correlation is truly a seasonal one

which does not measure local variations. No effocts associated with

synoptic weather fronts, deviant temperatures in the lower stratosphere,

sunspot numbers, lunar-hour angle or solar-hour angle are conspicuous.

From further meteor observations Jacchia16 finds evidence that the

seasonal effect decreases with increasing height, becoming small and

uncertain around the 100 km level.

The data from Jacchia supports the contention that seasonal and

latitudinal corrections are of the greatest importance in the refine-

ment of the star transit time measurements.

Ir comparison with these two sources of fluctuation, the random

component or the ccmponent correlated with other physical phenomena
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are small. In addition, our light ray traverses a considerable

length through the atmosphere and therefore allows considerable

averaging. For example, a ray at minimum altitude of 150,000 feet

traverses a length of 1:000 miles from the time it passes through

the 200,Ouu foot level to the time it emerges from this level.

2. Atmospheric Spectral Absorption

In the lise of spectral absorption for the definii°i,- of star

Lransit times, the ozore absorption is thc wosc attractive. At wave

Jlengths longer than 3,000 angstrcms the absorption drops uff rapidly
and the ray penetrates too low in the atmosphere before sufficient

absorption takes place. At wave lengths shorter than 2,000 angstroms

the 50 per cent absorption point is achieved at very high altitudes,

which is desirable, but it involves a region of the spectrum which is

largely unexplored and which imposes a severe restriction on the number

of stars usable for the measurement.

Unfortunately, the ozone content of the atmosphere undergoes a

wide variation from hour-to-hour, day-to-day, seascn-to-season and from

one latitude to another. Figures (15) and (16) are illustrative of this

point. Thus, in the case of ozone it is probably not possible to predict

the altitude of a given isoabsorption level more accurately than 8,000

to 10,000 feet (rms). Because the accuracy potential of determining

altitude by refraction measurements is at least twice as good as tais,

and because simpler seasonal and latitudinal corrections must be made,

ozone spectral absorption is not recommended.

In the case of the sun, howtver, the use of spectral absorption is

recommended. The zun is such an extended target that a single refrac-

tion meas'irement cannot be made because light emanates Eimultaneously
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from oppos.te edges of the sun's disk. Considerable accuracy is achievable

by measur-ng absorption because the absorption lines of a predictable

distributed component of the atmosphere such as CO2 can be used. In this

case we will be working in the mid-infrared region of the spectrum. (In

th, case of the stars, there i insufficient energy in this re6ion of Lhe

spectrum and we are restricted to operation at wave lengths .ene-ally

less than 1 micron.)

A number of infrared absorption lines fo CO 2 arc ivw- in Table I.

JThese lines range from 1 4 to 15 micrcns, and vary in usable width
from 0.06 microns to 0.2 microns. S'io-;n in this table is the equivalent

,ea level path for 50 per cent absorption for various wave lengths. This

data nas oeen ootainea from Altshuler.
17

Because of their strength, the two most attractive absorption lines

are those at 2.7 and 4.3 microns. The 2.7 micron line is also a point

of high absorption of H20 - one of the most variable components of the

atmosphere. Becausc of this and because the 4.3 micron line has greater

absorptivity, it is this latter line which is reco'enled.

Figure (1'[) shows the magnitude of the spectral absorption at

various altitudes for the h.3 micron CO2 line. Fifty per cent absorption

is obtained at ai. altitude of 160,000 feet or 49 km. At the 50 per cent

point for radiation from a point source, an error of 1 per cent of the

original intensity creates an equivalent error of 600 feet in altitude.

Unfortunately, the sun is not a point source and one must resorb to a

numerical integration over an extended region of altitudes to determine

the altitude at which its intensity is reduced to some value such as

50 per cent. This will be discussed later.

The data shown in Figure (17) have been derived with the aid of

Figure (18) assuming that the atmospheric attenuation is proportional
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TABLE I

INFRARED ABSORPTION LINES OF CO2

WAVE LENGTH SEA LEVEL PATH BANDWIDTH ALTITUDE OF

(MICRONS) FOR 50% ABS.(km) (MICRONS) GRAZING RAY
FOR 50 %

AA-T-RioN (In)

1.4 3000 + .Oh 0

1.6 3000 .o4 0

2.0 100 .03 7

2.72 .9 .06 28

4.3 .025 .08 45

4.85 h5 .06 10

5.2 200 .o6 4

9.32 6o .07 9

9.55 80 .06 8

10.30 200 .10 I

i0.6 250 .05 3

15.0 .0035 .10 54
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i

Figure 18

CO2 ABSORPTION PATH AS A FUNCTION
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i

to an exponential function of thie pressure to the 3/2 power rather

than to the air mass alone. After establishing the equivalent sea

level path, the per cent transmission was calculated for the various

sea level paths.1
8

Because the sun represents an extended source, the altitude at

which, say, 50 per cent attenuation of its signal occurs is a function

of the satellite altit ,d0° This occurs because of the shape of the

spectral absorption curve shown in Figure (17), an! ^a", e of the

effects of differential rei-action. Were it not for these effects, the

50 per cent occultation surface would be very nearly cylindrical

as it is for a star. The correction problem would be even more difficult

with some other attenuation level because the corrections would have to

be superimposed on a conical shape.

If atmospheric refra2tion is disregarded, the diameter of the sun

at the point of tangency of the grazing ray can be written in the form

Ah= D 'f=9.305xlo-3 s -

where the apparent diameter of the sun at the me;m,, earth distance is

taken as 9.3048 x l0-3 radians

54



I

For comparative purposes with Vigure (17), the vlues of A h at

various satellite altitudes are shown in Table II. Time did not

permit a calculation of the apparent occultation altitude as a

furction of satellite altitude; however, it is apparent that the

correcti3n function will be very complex for satellite altitudes

greater than 1,000 miles.

The sketch shown below shows the shapes of the occultation

surfazes for various percentage transmissiors foi" t _.

case where the ea-th is ccnsidered to have no atmosphere.

50% cylinder 100% cone

qocone

Sun Umbra

it was mentioned previously that the altitude at which 50

per cent of the sclar enerGy (at . = 4.22 to 4.38 microns) is

absorbed by she earth s atmospnere varies as the altitude of the

satellite varies. Table III shows the various correction factors

which must be applied.

If the sun were a point source, and if the satellite were at

very l' altitudes, the altitude at which 50 per cent attenaation is

observed would be 160,000 feet.
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TABLE II

DIAMETER OF SUN AT POINT OF TANGENCi

FOR GRAZING RAY AT VARIOUS SATELLITE ALTITUDES

SATELLITE ALTITUDE SOLAR DIAMETER
S. MILES F13ET

100 44,000

300 77,600

1,000 147,300

3,000 257,000

-.0,000 658,000

30,000

100, 000 5 0,000
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TABLE III

I ALTITUDE OF GRAZING RAY WITH 50% SOLAR EN;1,G-L

JTRANSMISSION FOR VARIOUS SATELLITE ALTITUDES

SATELLITE CORPCTIO1 TERMS, FEET
ALTITUDE Spectral Differential Refractive Earth ALTITUDE FOR
(miles) Absorption Refraction Bending Curvature 50% INTENSITY

100 +700 -0 -100 -0 16o,60o

300 +2000 +350 -200 -0 162,200

1,000 +4500 +900 -350 -50 165,000

3,000 +6800 +3600 -550 -150 169,700

10,000 +15800 +6800 -12 -850 180,400
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w
The spectral absorption torrection term can be derived from Figure

(17) and from Table II. The light extinction (lue to differential

refraction can be derived frou curves of the type shown in Figure (ll).

These values were obtained by taking the extinction at the center

of the solar image and are therefore only approximate. The refractive

bending has been derived from Figure (5). The earth curvature

correction results from the fact that, for satellites at large

distances from the earth, the image of the artn c.- . aoross

the sun is curved. The last column of Table III shows the altitude

at 50 per cent absorption including the correction terms which must

be applied. Figure (19) shows the corrected 50 per cent absorption

altitude as a function of satellite altitude.

Since the uncertainty in the altitude of the isopycnic surfaces

is about one-half mile at these altitudes, this kind of altitude

correction need be made only for solar occultations taking place when

the satellite altitude is greater than 500 miles.

If possible, we would like to avoid complicating the system by

making this altitude correction. Probably the easiest way of doing

this is by selecting an attenuation level which is less than 50 per

cent ane whose occultation surface is (without the correction terms)

a cone which gets smaller as the satellite altitude increases.

Generally, this will be a linear function of the distance of the

satellite from the point of closest approach -f the ray to the earth;

however, it will not be a linear function of satellite a:titude. As a

result, the dotted curve show:, in Figure (20) is obtained after assum-

ing that the detector discrimination level is set for 46 per cent

atmospheric attenuation.
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J

In deriving Figure (20) it was assumed that the shape of the cone

must be such that a convergence of 21,400 feet results when the satellite

is at an altitude of 1,000 s. miles as shown in the sketch below.

Where:

/ p ,
.10 14,000 miles

-/. V,0 feet

D = 13,400 miles

X = 21,4o00 feet

:ince X = 4.05 miles, the angle = 3.03 x 10 4 radians. The diameter

of thp sun is 9.305 x 10-3 radians, therefore, the discrimination level

must be set such that

1__ = 3.03 = .0414
I ( 9.305 xlO-3) )-

Thus we will obtain a cone with tbe proper apex angle if the transmission

level is set at about 46 per cent (4 per cent less than 50 per cent).

Under these conditions Table III m,,so be modified. In tne first

place, an attenuation level of 54 per cent is achieved at an altitude

cf approximately 156,000 feet. To the other correction factors (which

will be approxinately the same), we must add the conical convergence

factor. When this is done we obtain Table IV.

The rms deviation from a cylindrical occultation surface for a

range of satellite altitudes out to 10,00 miles does not exceed 1,000 feet.

By pro-er selection of the discriminating intensity for the solar transit
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TABLE IV

ALTITJDE OF GRAZING RAY WITH

46% SOLAR ENERGY TPRANSMISSION

,'OR VARIOUS SATELLITE ALTITUDES

SATELL I.:E CORRECTION TERMS, FEET
ALTITTUDE Factors from Conical Altitude f'r
(miles) Table IV Convergence 46% :ztensity

0 +600 -1,400 155,200

300 +2,200 -2,600 :55,800

1,000 45,000 -4,8oc 155,800

3, 000 +9700 -8,400 157,300

11 000 ,20 LOO -21,40C 155,000
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I
time measurement, 6he occultaL.on surface can for all practical

purposes be made cylindrical.

6
I

J
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C. Star Selection

In the last quarterly report 1 9 , star pairs were considered which deviated

from diametricity by less than 3 minutes of arc. This was a necessity for

the rotating aberrascope since collinearizing wedges of lafrtr angles would

introduce significant errors into tha system. Now, for a non-rotating

aberrascope, the collinnearizing wedge is not required and the axes of the

I tio optical systems can deviate mechanically by the ="a angle as the star

pair. The deviation from diametricity can now be as larpe as 2.5 degrees

and stars of visual magnitude 3.5 or brighter can be considered. The

star distance from the solar ecliptic was to be a minimum of 20 degrees.

The use of the 3.5 visual magnitude restriction reduces the number of

stars available from the genaral catalog to 259 from which eight pairs were

found that satisfied the basic criteria. These star pairs are 13ted an

pairs No. 1 through 8 in Table V. A further stipulation that the two star

pairs be orthogonal within 20 degrees reduced the list of eight pairs t-

one pattern of four stars.

In order to obtain other star pairs the visual magnitude restriction

was eased to a value of 4.7 or brighter. Using this new value a manual

search of the Atlas Coeli 1950.0, by Antonin Becvar, was made to find stars

thLt appeared to satisfy the prior stated conditions of diametricity and

ecliptic distance. Tae total search produced a list of 35 pairs which are

listed in Table V. This listing includes a few pairs which deviate from

diametricity by as large an angle as 3.3 degrees and wei-. included because

of their desirable brightness. Of the pairs listed, those numbered down

to pair No. 25 meet the requirement of distance from the ecliptic.

In order to compare the brightness of the stars unde2, consideration,

a correction based on temperature of the star is necessary. The ccrrection

as a Punction of temperature is shown in FAur 21. A star of spectral
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class AO is used as the basis .or the correction; stars cf :- aer

spectral classes must have an appropriate correction added to the

apparent magnitude in order to obtain the corrected magnitude Th.s

the magnitude corrected for type (MT) is the sum cf the visual mag-

nitude (M ) and the correction factor (CT). The corrected s+ar

magnitudes are shown in Table V along with the other pertinent facts

about the stars in question.

In general, this study thoroughly covers the 3. .sr .>ude and

brighter stars, whereas those star pairs between 3.5 and 4.7 magn:tude

are studies only to a questionable extent. To determine more adequately

star pairs that exist in magnitudes brighter than U.7 it is concluaed

that a computer study would be needed. The study wouid have to be

based on stars that had the magnitude corrected for spectrum classi-

fication and as such would require investigation of stars up t a

visual magnitude of approximately 5.0 or brighter. With the magnatude

determined and the criteria for diametricity, ecliptic distance and ort-c

gonality established, an accurate list of all stg-s meeting the desired

conditions can be obtained.

As a result of the present study it apptars that at least six p6irs

of st&r- can be found which have magnitudes equal or less than L.3,

and diametricity equal or less than 3.25 degrees. These pairs are

listed in Table VI. From this tab]t it appears that if wagnitude

is the prime consideration, the stars in group one should be used. This

group also has pairs with deviations from diametricity of j 5 Jegrees.
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Thus far the star se-ecticn criteria have been sucn fact-rs

as magnitu,- spectral class deviation from diametricity f:r tht

pair of stars, distance from the ecliptic and finally. the angle betvee.

two pairs of stars in the grouping of four required for the aberrascpe

system. In addition to these cznsiderations, stars must be selectei

whose positions satisfy the geometrical requirements of the prciem.

The basic requirement with respect to the geometry is that the stars be

selected so as to be occulted by the earth at some I.n.. z rn ne

satellite orbit. It is obvious that if no cccultations ccar, nc

occultation timets can be measured.

The necessary and sufficient condition that an occultation of a

star occur is the following:

c a cos i sin - sin i cos sin (c. -Q) f -'

where c = R/a

R = Radius of occulting sphere

a = Radius of orbit

i = Inclination of orbit

S = De!inati,n of star

= Rigit ascension of star

. = Angle to line f n,des cf orbit

The assumptions made are that the occulting b7dy is a sphere end

that the satellite orcit is cir ilar. If we assume that the s-rcital

inclination is between zero and ninety degrees and alsn, that the

declination of the star in question is also between zer- ad iaety degrees,

a necessary and sufficient condtition that an occultat'.u occur f'zr any

value of the angle to the line of nodes ( 1) is the f~lc-ing.

c 2 sin (i + ) : S S 3600
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STAR PAIRS

TABLE V

No. General R.A. Decl. Type "I-ag. 9g Variation Distance

Catalogj 1950 1950 Apparent Correct I-om from

I No. " for Diametricity Ecliptic

-_ _ _ _ Type I (decrees) (deo'es)

147 O006 29.8 58 52 27 dK2 2.2 2.72.

16724 12 12 28.61-58 28 15 1 3.08 3.03

792 O0 37 39.31 56 15 491 gKO 2.47 3-17
2 1 I I 1.38o 5i

17052 12 28 22 .7 K-56 50 01 1.61 )-.44

1400 Ol 06 555. 35 21 22 gMO 2.37 2  .

18039 13 17 1'6.7 -36 26 57 A2 2.91 2.97

-2572 02 06 33.6 314 45 06 dA5 3.08 309 3.493 23

19033 14 03 43.9 -36 07 30 gGA 2.26 2.66

3664 C3 O 09.61 53 18 44 F7&A3 3.08 3.13
5 408-11.822 36

20418 15 08 40.81-51 54 38 05 3.50 4.20

6 5164 04 13 35 55 G5 3.36 4.06 1.490 84

22101 16 23 18.5 6] 7 37 gG6 2.89 3-59

6226 05 03 00.2 41 lo 08 B3 3.28 3.23

23180 17 08 34.0 -43 10 31 An 3.104 3.62

8 12831 09 15 45.1 -59 03 54 FO 2.25 2.50 3.316 75

298148 21 17 23.2 62 22 24 A7n 2.60 2.80

645 O0 30 08 4 62 39 22 BO 4.24 4.20
9 3.25 I 59

17374 12 44 47.1 -59 24 57 B1 1.50 1.46

1715 01 22 31.5 59 58 34 A4 2.80 2.90
10 .47 51

18087 13 19 23 -60 43 37 B5 4.62 4.52

11 21477 02 00 49.'2 1 42 05 27 KO 2.28 2.98 1093

18874 13 55 13. -hl 51 27 B3 h,05 1L.00

_ _67
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STA1 PAIRS

TABLE V
(cont.)

No. Geneval R.A. Decl. Type g. g Variation Distance

Catalog -1950 I 1950 Apparent Correct from

No. for Diametricity i 1,i .

_ _ _ _ Type I degrees) (degrees)

. 1 u U,39 4.29

12 0-25 30
19777 14 38 h5.61 13 56 301 A2 1 3.87 3.;.

3484 02 56 21ji-40 30 .5 A2 3.42 .13 I T!.,70 57

20226 15 00 3.7 0 35 Li G5 3.63 1 I-.23 -

[1 47 07 16 51.6-67 51 57 F5 I ".02 4.37 114 501 90

19 12 -2.9 67 3" 25 1 KO _ _ 3.94

2289 Ol 50 46.4 63 25 30 B3 3.44 1 3.39 t
15 62 .3 52

18845 13 54 00.4!-63 26 34 KO 4.68 j5.38

2756 02 14 43.4-51 44 35 B8 3.78 3.6816 -I -].55 I 6
19269 14 14 23.71 51 35 50, A5 4.78 4.83

3463 02 50 46.2 -75 16 171 K 4.70 5.42
17 .2 89

20029 14 50 49.7 74 21 35 -K 2.24 2,99

4730 03 52 59.5 62 55 41 R9 4.871 L.77 L35 43
21332 15 50 43 -63 16 43 FO 3.04' 3.29

7287 05 46 03.9 -51 05 02 A3 3.94 4.04
19 .400 75

24221 17 47 52.5 50 47 31 A2 5.o9 5.29

7587 05 57 33.2 -03 04 29 KO 4.68 5.38
20 .152 27

24509 17 58 08.4 02 55 56 B5p 3.92 3.82 .

11959 08 39 24.11-15 45 45 KO 4.98 5.68
21 .506 34

28780 20 37 18.91 15 44 04 A5 3.86 4.01
1

2212923 09 19 45-01 -62 11 28 KO 4.86 5.56 307221 ,.330 78

1 29848 21 17 23.21 62 22 24 A5 I 2.60 2.75
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STAR PAIRS

TABLE V

Ko.j General R.A. Dec!. Type yag, Mug. Vartati n Distance

Catalog 1950 1950 Apparent Correct from frc m

No. for Di etricity Ecliptic
T-ype (degrees) (degrces)

15340 11 06 51.6 ,u h6 12 KO 3.15 3.85 758 39

[ 32270 23 -7 32.1 -45 31 05 4 5 4.10 o

24 15547 11 15 41.0 33 22 0O KO 371 4.4i6
3250 23 16 07.7 -32 48 17 KO 4,51 5.21

7587 05 57 33.2 -03 04 29 KO 4.68 5.38
24509 17 58 08.4 02 55 56 B5 3.92 3.82 210 20

238 00 10 39.4 14 5L 20 B.s 1 2.87 2.83

26 16740 12 13 13.9 -17 15 52 B8 2,78 2.68

2538 02 04 20.9 23 13 37 gK2 2.23 ^.98
273 .220 11

19029 14 03 31.1 -26 26 33 gK3 3A8 L26
27 53 3132

6029 0453 14.0 33 05 20 gK3 2.90 3.65
22640 16 46 55.2 .3L 12 16 gG9 2,36 3 06

8208 06 19 56.1 22 32 28 gM3 3.19 1i
29 3.12> 3

25180 18 24 53.0 -25 27 04 gK 2.94 3 64

3391 02 47 02.1 27 03 20 3-.68 3.58

30 19954 14 47 20.7 -27 45 12 K2 4.63 5.38 11

5599 04 32 54.3 10 03 35 A3 4,31 4.48

31 1 .549 12

22332 i6 34 24.1 -lo 28 03 BO 2,70 2.65 ,

6306 05 06 50.11 15 32 06 FO L.86 5.10 2
32 .201 7__

23158 17 07 30.51 -15 39 531 A2 .6 2.68
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STAR PAIRS

TABLE V
(cont.)

No. General R.A. Decl. Type Mg. Mag. Variation Distance
Catalog 1950 1950 Apparent Correc' from from

No. for Diamet:icity Eccliptic
Type (degrees) (degrees)

155.. 11 14 07.1 -03 22 41 A5 4.58 4.7333 .386 8

32415 23 14 34.3 03 00 32 KO I 3.85 4.55

16425 11 58 18.6 06 53 35 A3 4.57 64.57
34 .658 7

33330 23 59 23,7 06 17 31 Y46 4.66 5.46

3 16189 11 46 30.6 14 51 06 A2 2.23 2.2715 1.540 12.

132931 23 40 07.8 -14 49 18 Ao 4.62 4.62
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TABLE VI

ABERRASCOPE STAR GROUPS

GrouplGeneral Constellation Type Magnitude D qx-ilcr .In~ie Distance
No. catalog (corrected) from t, ween from

No. Diametricity Pairs Ecliptic
(degrees) (degrees) (degrees)

2572 6 Tri A5 3.09 1.5 23

19033 0 Cen KO 2.66

53.64 o. Ret G5 4.06 102 84

22101 Dra G5 3.59

645 ( Cas cB~e 4.20 3.2 59
17374 /3 Cru Bl 1.46

2

3300 ff Cet B5 4.29 990.7 30
19777 XBoo A2 3.91

1400 And MO 3.22

18039 Cen A2 2.97 2.4 28

3584 0 Er A2 3.92 99

20226 .3 Bo G5 4.23
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For values of the angle to the line of nodes between the right ascen-

sion of the star and the right ascension plus 5°, or in the rarge

right ascension plus 1350 to right ascension plus 3600, the following

is a necessary and sufficient condition that occultation occur:

c cosisin& +(1/ sin icos

o _ __ € + 450

( -:- 3600

Thus for 75% of all values of. , an occultation will occur.

For values of thc angle to the line of nodes between the right

ascension pls 180 ° and right n--e-nsion plus 3600, the following is

a necessary and sufficient condition that occultation occur:

c 2t cus i sing

ia this case, for 50% of all values of Q , an occultation will occur.

These three conditions are illustrated graphically in Figures 22,

23, and 24. As an example, (for a 300 mile orbit where c = .93)

assume that an orbital inclination of 450 is desired. Then, if

occultation is necessary for all values of ? , it can be seen that

stars must be selected which have a declination between 0 and 23?

or between 670 and 90' where .93 > f (6).

The reason for considering varying values of the angle to the

line of nodes (IL) is the regression of the line of nodes with time.

The -ate of regression (AIL) is given by the following:
20

Ar = 2T[RJ cos i radians/rev.

a(I-e 2)

where J is a constant (1.630 x i0" ) and "e" is the eccentricity of the

orbit. This equation can be used to 6.etermine the time in years required
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for the line of nodes to regress thru an angle of 3601. F. a circular

orbit where "e" equals zero, this time in years (T) so exressed as

follows:

T = a5/2 secant i x 10"9

This equation is plotted in Figure 25. Thus for a 300 mile orbit at

zero inclination, 1.3 years will be requied or th 2.ine of nodes to

regress 3600.
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I
IV SYSTEM ERROR ANALYSIS

In this section two related and complimentary topics are discussed.

The first concerns taose arors introd'acei into the final calculation by

the effects of meteorological irregularities and instrument errors; and

the second concerns computational errors. Errors of the first topic

r-esult in errors in the measured time of occu.±zt-_ .; eh these

errors can be known and ccmpensated, errors will still remain in the

J final calculation because of the facts that the system equation does

not perfectly fit the problem, and the computer imposes limitation on

the accuracy with which the problem can be solved.

A. Physical Errors

Tae sources of errors can be enumerated as follows:

1) Meteorological Errors

a) Systematic errors in mean latitudinal and seasonal

corrections to nominal isorefraction altitude.

b) Statistical fluctuations in at-,3 .Ahere causing
deviations from assumed altitude.

c) Scintillation due to small scale inhomogeneities
in the atmosphere resulting from wind shear.

d) Background noise due to scattered radiation from
the sun.

2) Instrument Errors

a) Systematic errors in measurement of the time at which
retraction builds up to a preassigned value. (This
error is equivalent to an angle error in the instru-
ment refraction measurement).

b) Random instrument errors in transit time measurement.

c) Error due to changing aberration, during refraction
build-up.
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I

d) Error due to altitude drift of platform because
stars are not perfectly diametrically opposite.

e) Error due to reference clock.

3) Computational Errors

Given a sufficiently large computer, the computational

errors should be much smaller than those listed under (1) and (2);

however, since our goal is a self-contained positional accuracy of

abo.ut 3 mile achievable with a computer of minimum e certain

sources of computational errors will require investigation. We

may not be able to ignore the ellipsoidal shape of the earth, the

nodal regression, the precession of the perigee, and tLe problem of the

rate of convergence of the sucetssive iterations.

To indicate the influence of some of these errors, it is instruc-

tive to consider the sensitivity of the satellite altitude claculation

to the errors in the altitude of the occultation surface. To do this

we will examine a simplified case in which the plane of the orbit is

known and in which the orbit is circular. If we sel:ct two diametrically

opposed stars which lie in the orbital plane, a geometry of the type

shown in Figure 26 results. (While this is valid here, see conclusions

of paragraph IV B concerning in-plane stars.) The parameters shown in

Figure 26 are listed below:

s = Orbital radius

o = Radius of occulting surface

Joe = Radius of earth

= Earth's central angle which subtends one half
of the arc between dngress and egress
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o0No1- Egress of No.Pa

/

2 ./

S trNo.~ Star No. I

//

Fi-gF.e 26
vu-.Piane Star Fairs

Rater hancalulae te vlueof/Os from the orbital period as was done

; previously, we will now calculate ls by m -"aring the times of ingress

of star I and egress of star 2.
L. For an inverse square law central force field and a cir-cular orbit

we may write

"3/2

T -- 2- 2 r

Fig 4e 6

From ihe Pometry shown above
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If t = time of egress of star 2, and
e

t. = time of ingress of star 1, then1

t
e 1

T - -

therefore, cos X =-cosff(te - ti) foT fs

T is a function of fs but. an iml cit functio . or" t , and

t.. Thus, we car.not obtain a direct solution for fs. However, we can

obtain the error sensitivity coefficients in explicit form.

if we assume that the errors in fo, te, and t. are small and un-

correlated, then we need retain only the first order term in tne Taylor's

expansion and may write

(tP)2s= f 2 + t  e)2 +(ls" 2  (t ) 2

This amounts to separating the meteorological and instrument errors, i.e.,

the (t) are rms errors due only to the instrument time measurement and

are not functions of the isorefraction surface errors, o- (fo). To

determine the value of L s we take the partial derivative of the cos
fo

equation with respect to . Thus

:i"f " (t e" t i) T sn o( sT joPs fs ao

From the expression for the orbital period we can write

- 3T @f

10t 2s afo

81



I

Therefore 1

In the limiting cases we have lira 1

1 ) .425

Because of the maximini value - = 1, we can conclude that the effect

of errors in the assumed altitude of the occultation surface is to

create errors in the calculated satellite altitude which are no greater

than the p 0 errors. Actually, 12 we had completed one orbital rotation

and measured T directly /2_ would not be a function of/O and therefore

7 0. Figure 27 shows the manner in which 2 varies with /s"

If veow take the partial derivative with -espact to te (or ti) in

the same manner as before we obtain the expressions

[- IT-(te-ti)( te)] sin T 2 ( o) ;

T3 T
"t /o dZe

Thereoren' 1

te - T + s'+ 3 in
2 2

I 8 2
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where 2 :

Jy= Cos"~J /4 sin ' 1-(A 10);T= g

The value of this error sensitivity ccefficient under the limitingI
cases becomes

( s4 " te" te

An examination of the original equation will show that

Figure 28 shows the values of ( /) for various satellite altitudes.

Note that this sensitivity coefficient has a maximum. The location of

this maximum has not been evaluated analytically, however, an inspection

of Figure 28 will reveal that the maximum value of = .96, and that

this maximum lies at a satellite altitude of about 1200 miles.

One or two comments are in order regarding the implications of

Figures 27 and 28 on the ultimate accuracy achieved with a system of

this type. Since the rms errors In ?o from meteorological uncertainties

are about 0.5 mile, Figure 27 indicates that the errors in the satellite

altitude due to this effect alone will be equal to or less than 0,5 m!lcz

If we allow the refraction to build up to 10 seconds of arc, then the

refraction rate will range from 2 to 6 seconds of arc per second. It

is not unreasonable to expect that the refraction can be read to an
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accuracy of at least 0.5 seconds of arc and therefore the instrument time

error will not exceed .08 - .25 seconds. Under these conditions the

maximum error .n ? due to instrument e:rrors alone will be about .2

miles.

It therefore appears that The errors due to the meteorological

fluctuations will be larger than the errors due +- the irtrnt re-

fraction errors. By determining the semi-major axis from one complete

orbital rotation the affect of some of these meteorological uncertainties

can be reduced. If the isorefraction surface follows some kind of reason-

able f unction (of perhaps 2 or 3 parameters) and if the statistical

fluctuations from this mathematical mode is small, then additional star

transits can be used to effect a large improvement in the accuiacy of the

system compared with the case where one must estimate the shape of the

isoref.cactiou surface from prior data.

In some applications it is necessary to be able to calculate the

oatellitse- velocity with great accuracy. Since

V_ (b; ) 14 g 1 1/2
. " 2'/p 3/2-

If4 3960 miles, 1s 3960 + 300 miles, g = 32 ft/sec, then

the error sensitivity coefficient is

= 5.54 x 10 "4 feet/sec/foot

As was shown above, the errors in 0s will be of the order of one mile;

therefore, the error in the calculated satellite velocity v.ill be of the

order of 3 feet/sec.

86



B. SYSTEM EQUATIONS FOR THE OCCULTATION TECHNIQUE

Tae derivation of the equations upon which the occultation

technique is based will be sketched in this paragraph. Two

assumptions are first made which, while considerably simplifying the

J analysis, do not seriously limit the applicability _ .: +he tcchnique.

These are:

1) The occulting body or planet is considered a sphere.
Thus, the shadow boundary formed by the stars and the
planet will be a right circular cylinder extendirg
from the edges of the planet to infinity in a direction
away from the star.

2) The second assumption is dyns-ric and states that the
orbit shall be a Kepler eclipse in inertial space, i.e.,
vhe satellite moves in a central force field.

The assumption (2) can be relaxed somewhat to allowing effects

such as nodal regression, apsidal precession, etc., which are sufficiently

small. This is valid since the proposed techninie gathers sufficient

data for a complete orbital determination in one satellite revolution.

Although the mathematics become somewhat more complicated, assumption

(1) can also be amended to include planets in the form of oblate spheroids;

however, this refinement is not discussed here.

We now proceed with the analysis. Consider a cartesian coordinate

(X, Y, Z) system with origin at the center of the earth, Z extending along

the north pole, and X pointing toward the first point of Aries. This

is called the "astronomicul frame," or the inertial frame, and it is the

one with respect to which the parameters of satellites are usually given.
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If we employ another reference (x, y, z) frame having the same origin,

but with the x-y plane containing the plane of the satellite orbit, we

can write the position of the satellite with respect to the astronomical

frame as:
I

y AB s' in (Q. + C .

where

a = (1 - e ,

/ + e cos

= instantaneous radius of the satellite

a a semi-major axis of the orbit eclipse

e = eccentricity

= argument of perigee

0 -real anomoly (function of time)

and
/ cosA - cos i sin a sin i sin- l

B = sin A- cos i cosA-L sin i cos IL
k 0 sin i cos i

with
-fl = argument of the line cf nodes, and

i = inclination of the orbit plane

Furthermore, under assumption (1), we can constract a third

cartesian reference system (x , yk, zj) again having the same origin

but with ze e-xending toward the star under discussion (the k-th star),

and y,' lying in the X-Y plane. In this frame the equation of the

occulting right circular cylinder becomes
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Yk 1o sin A1k

where 0 = radius of the occulting body, and.

k angle in the - Y plane measured frc-a the axis

j Noy at the moment of occultation, some point on the orb3.t ecipse is

coincident with some point on the occulting cylinder. To mathematically

r-btain the implications of this physical fact, we must transform (i)

into the 1!th stellar frame (x, y4, z ) and set it equal to (2). -Ie

transformation is accomplished by means of the orthogonal matrix:

Cosak BinOc& c OC sin Sk -CO 4 k

Ak - (-sino~k cosO3k 0

t o, coo Sk sino co k CBk sin k

where OC k = right ascension of the kth st-r, and

k - declination of same

Thus, the final geometrical relation is embodied inthe matrix equation:

/00 J /Cos (Qj + a)

/0 sin ) kj : j A0 sin /9j + W)
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Here the subscript j can take on values 1 and 2 corresponding to ingress

and egress respectively.

Before obtaining the final explicit form of the equations for the

occultation technique, let us examine equation (3) in the light of what

can be experimentally measured. It is currently przposed to measure wo

quantities during an occultation. One of these is the time at which the

magnitude of the refraction becomes 10 sec while the other is the direction

of travel of the ray in inertial space as deteimined b rhe rnatio of the

two components of refraction. The latter is measured in a plane perpendi-

cular to the sight line to the kth star and therefore constitutes a

determinat.on ofkAAkj. The former can be lise& as an input to Q@. Tus,

we can only u=€ two of thtle and we shall now write these in a form more

amenable to the inputs. Upon squaring and adding all three equations of

(3) we find that

This yields a relation independent of kJ;

/O2
1- AO co Bo (9 + c1 ) coo (OL,. - .nL)

ta12  'csk
+ COSk sin (Qj+c) coo i sin ( k-.k

+ sin Sk sin i sin (0 +W) 2  (5)

An eqiation independent of both p o and /0 can be obtained by dividing

the second equation of (3) by the first:
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tanLk j  L cos i sin (Qj + W) cos (~k - A)

-cos (oj +W) sin (ak -11)]

x [sin k cos (Qj + W) cos (0 -k .)

+ sin 5k sin (Qj +w ) cos i sin (01k -Af)

cos9 sin ' sin (Q )

These latter two equations form the basis for the occultation technique.

The known quantities are usually /0, ekj' Ok' % k, and tkj: the time

of occultation. The unknowns are a, e, i, I, , and To: the time at

perigee (contained on Qj). Since we obtain one pair of equations (5) and

(6) at each occultation, it is easily seen that 3 occultations are needed

to completely determine the 6 orbital parameters.

In the case of solar occultations, it does not seem feasible to

determinetA kj and therefore in this case, equation (5) would be the only

one usable. In this instance, one then only needs 2 szellar occultations

and 2 solar occultations to determine the parameters of the satellite orbit.
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C. Results of Error Analysis

An error analysis i.-as performed during the last few months

on the equations basic to the occultation technique. In order to do this,

specific orbits and stars had to be chosen, but the results seem to lend

themselves to general conclusions regarding the applicability of the

technique.

'he stars chosen, together with some associated characteristics

are listed in paragraph !iC of the first quarterly report. These form

a tetrad consisting of 2 pairs of diametrically opposed stars approximately

orthogonal to each other. The inclination which their plane makes with the

equator is about 600.

There were several sets of orbits chosen, but those which were

examined closest are discussed here and exemplify the general results.

The class of orbits examined herein all have the following parameter in

common:

a = 4260 miles

e = .01

i = /2

To=O0

The omitted parameter 1. was allowed to take on 6 values distributed at

600 intervals about a circle.

While the full tachnique proposes to measure the time as well as

the direction of the stellar ray during occultation, this analysis assumes

that only time is measured. Furthermore, with the class of orbits considered,

the:re was no A for which one of the stars did not occult. Thus, during
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I
each rctation, 8 times were measured. This represents an overdetermination

of the results. Since only 6 inputs are needed to calculate all of the

orbit parameters there are 8!/ (8 - 6) 1 6 ' = 28 possible combinations

from which to do this. To further complicate matters, it was decided to

calculate the semi-major axis a from the period measurement:

2 3
4 TT a

k

Then the error in a amounts only to 0.47 miles for an error in the period

of one second of time. Since this is considerably better than is expected

from the full occultation technique, we will assume that a is given in

this manner. hen only 5 parameters remain giving 8! / (8 - 5) ! 5 !=56

possible combinations to use. T.erefore a rather arbitrary selection of

inputs was made according to Table VII. It might be noted here that it

will be essential to select the best numerical data in the presence of

redundant but independent information (if the data is dependent, the selection

is not so difficult as discussed later). While a wmighted average is often

helpful, this will probably not be as useful in the present problem as

thc development of criteria for the selection of those measurements which

can yield the least rms error in the final calculation of the satellite

position. As a result of our instrument error analysis the most accurate

measurements will be as follows in order of accuracy.

a) star transit times, 1-2 miles

b) solar transit times, 2 -4 miles,

c) star refraction rate, 10-20 miles

d) star refraction direction, 20-40 miles,

e) s~ar intensity 30-60 miles
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I TA ,E V$-

1NU Ti SEIECT:ON

STAR INGRESS EGRESS

1 X X
1 x x

I 2 X X

X4

Tne calculation proceeded as fcllows: the pro7,; --q the 0/E,2S*
F),

ccmputed all the

,,:here xi are the orbit parameters. Then the inverse of the resulting
V~

5 7 5 matrix multiplied by a diagnal matrix consisting of Fk, ti

pr-.!tced all 36 of the sensitivity coefficients ,0 t4

where tI are the occultation time measurements. What is wanted in the

final analysis is the s*.gma error:

0-(C7 2 r (ti )

ky. , are plotted in Figures 2q thro u i .33 against&2 assuming that

o.<t 1 ) 0- (t 2 ) . . . . O ' S) = l sec.

Of r.7,cse, the plot of o-(a) vs.S2 does not appear since this is a

"ns-srt due to its method of derivation from the orbital period.

These graphs have at least ne thing in common: two peaks situated at

600 and 2:00. Upn eyamining the geometry it is found that in both

of these instances, the line between the star pair 1 and Z lies nearly

in the plane of the satellite orbit. Since, as seen from Table VII nearly

43enerai Mills Computer, Adaptable Digital Electronic Computer System

9I4



a-(e) Vs. A Figure 29

.0002 ERROR I'll ECCEIMTICIIY

.0001 -

0

.02j.. G- 4x) vs. .Figure 30
ERROR IN ARGUMNT OF PERIGEE

010

' .0] 0. . . . .

6o 120 180 24o 300 360

Figure 31

ERROR IN TT1ME OF PERIGEE
20 vsT- "'. _2.

II)

0.0
100

,10 -120 1 24-O b

o -o o. - - -°"0 .. .

f). (degrees)
! 95



I

.007

G(j( vs. 0

I(assuming a-(T.)= .1 aec.)

.oo6 _

005'

I i

I U!

.004 1

.5-'
I I

' .002 __ _ ___ __

.001 -

0 60 120 180 24o 300 360

.J1. (aegrees)

Figure 32

Error ia Inclination

96



I

oo6

I

.005- cT-(C) 'trs...}. _ _

Assuming 0o(T3) z .3sec.

I I

.ookF -.

.003 -_ __

0I

.0011

•01

.ooa

I.oII~ L. ____

060 110180 2 40 300 36o

S2 (degrees)

Figure 33

Error in Angle to the Line of Nodes

97

I



I
all of the inputs come from this pair, the general conclusion can be drawn

that stars which lie in the plane of the orbit lead to large errors in

the determination of that plane. This conclusion is supported by the

other classes of orbits considered, though not discussed here.

Another conclusion can be obtained by considering the relationship

between the eccentricity of the orbit and the diametricity of the stars.

If ve select a circular orbit, i.e. one with e = 0, the:.: since the

occulting surface cu.s the orbit plane in an elipse, we have the relation

shown in the figure below:

4 4 orbit

curve (elipse) made by the

302 intersection of orbit plane

and occulting cylinder

It can easily be seen that a measurement of the times at 1 and 2
leads uniquely to a determination of the times at position 3 and 4.

Thus the equation derived for these are dependent upon those for position

1 and 2 and hence do not yield additional data, but merely repetitive data.

This is a consequence of the diametricity of the star pair coupled with

the circular shape of the orbit. To apply this to our case, we see
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I
that the orbital eccentricity e = .01 is quite small yielding a nearly

circular orbit while the stars are within a few minutes of arc of being

diametrically opposite. Thus frem the above discussion, an explanation

of the large errors encountered in the graphs is attained. Ncte that

this does not only apply for the two peaks at.j= 600 and 200. his

is a general effect dependent only on the circularity of the orbit and

diametricity of the star pairs.

In the light of these observations, three other points were calculated

and plotted on the graphs. In all of these it was assumed that a, e,

and ui are given from other sources in order to do the calculations by

hand. In other words, only a (i), a- (A), and cr(T 0 ) were found,

assuming the remaining to be zero. Also the interaction between the

low eccentricity of the orbit and the near diametricity of the star

pairs was taken into account in the selection of input data.

The point at-l1. 2400 denoted by used inputs:

Star Ingress Dgress

1 X X

3 X

4

It is seen that the errors are indeed smaller, but still do not become

as low as desired. Howver, this is the very value ofiAfor which star

pair 1 and 2 lie in the orbit plane. Thus 4hat should be i-viestigated

is an A value not 60o or 2400.
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The point at 9-= 3000 denoted by [ satisfies this eomewhat. 'he

sore inputs were used and the errors also are reduced to some extent;

however, while pair 1 and 2 are not in the orbit plane, pair 3 and 4 are

fairly close and hence may contribute to the error.

The point at ) = 2400 labeled A used inputs:

Star Ingress Egress

1

2

3 X X

4

This star does not lie in this plane of the orbit, nor do we use

dependent information from diametrically opposite stars. Only two

pieces of data are therefore available at this value of .L . Therefore,

it was decided to calculate only A and i using To from some other

source. It is seen that in this instance, - (12.) and0- (i) are

considerably reduced though still not as far r.. we would like in view

of the possibility of 0 (t) being greater than .1 second. However,

it must be noted that star #3, while not in the orbit plane, is not dis-

placed considerably from it. The angular distance is about 330.

In summary, the conclusions which can be drawn from the analysis are

as follows:

1) It seems most important that information derived from
occultations of stars lying in the orbit plane be not
used to calculate this plane.

2) If the satellite orbit is nearly circular, information
from diametrically opposed star pairs, even though they
be out of the orbital plane is redundant and cannot
therefore be used to generate a set of aimultaneous
equations which are uniquely solvable.
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In spite of these restrictions, if we have at least one

star pair out of the plane of the orbit, and we make use of solar

occultations in the necessary cases, we can determine with the

required accuracy all of the orbital parameters. For instance,

if one star pair line lies in the orbit plane and one stellar egress

occurs in a sun-lit atmosphere (thereby introducing sufficient

noise to render this time measurement nusable), the semi-major

axis, a, can be determined by a period measurement u.ng Lne in-

plane stars while the remaining 5 parameters can be calculated from

the 3 remaining out-of-plane stellar occultations plus two solar

occultations. If thv orbit is circular, we have more occultations

than unknown parameters and can therefore select the combination

that produces the most accurate results.
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V. INSTRUMENT DESIGN

A. General Description

In the previous quarterly report, emphasis was placed on the

analysis of an instrument which was capable of measuring aberration

angles, and from these measurements, the position of the satellite

over thc earth was computed At the same time, consideration was

given to the phenomena of refraction and stel.lar occultaticn. It

was noted t at by measuring the time at which refract.on built up to

a prescribed level and by ascribing this time as the time of occultation,

a very accurate determination of the orbital period can be made. By

noting occultations of several stars in sequence, the orbital elements

can be determined by the .olution of five simultaneous equations

with five unknons.

Since the measurement of the refraction phenomena and the subsequent

occultation time holds promise of more accurate position determination

than the aberration measurement, GMI proposes to build a satellite

guidance instrument based on the refraction rzz zring capability. The

-roposed instrument will be capable of measuring acerration as well

as refracticn; however, since the refraction rate is much greater

than the aberration rate, the instrument will have a higher response

rate but will require .ess accuracy. An occultation time measuring

instrument will require to measure the time at which the angle

between two stars changes to some arbitrary value. As the line of

sight to a particular star dips down into the atmosphere of the earth,

this sight line will be refracted to a magnitude of 10 seconds of arc

in a matter of only 10 seconds of time. The arbitrarily selected value

will fall within th-is range of refraction.
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J The star tracker arraneement which is proposed for the occulta-

tion technique is similar to that previously proposed for the aberra-

tion technique in the following respects:

1) The complete system is composed of 4 star trackers.

2) Two pairs of diametricaly opposed stars are used.

3) The star pairs are approximately orthogonal to one
another.

4) The measurement of the relatii= positi; cf tIe
stars is independent of the direction C. pointing
of the telescopes.

5) Photomultipliers are used for radiation detection.

6) Two Cassigrainian telescopes are mounted back-to-back.

7) A knife edge prism to be used for image splitting.

The star tracker arrangement whi-h is proposed for the occultation

technique differs from that previously proposed for the aberration

technique in the following respects:

1) No rotation of the aberrascope is used.

2) No optical elements extc~rnal to the telescopes are
used (such as collinearizing weiges or Herschel wedges).

3) The diametricity requirement is -elaxcd. -

4) Brighter stars can be found because of the relaxation
of the diametricity reqairement.

5) The ultimate accuracy requirement in the measurement
of relative star positions is relaxed by one order of
magnitude.

6) The response rate of the error detector is increased
by approximately one order cd magnitude.

7) A smaller, lighter weight optical system cu: be used.

8) The electronics can be simplified.

It is rccognized that under certain restricted geometries, the

occultation technique does not supply adequate information. An
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investigation of other sources of information has indicated that these

problems can be avoided. Thus the occultation technique provides almost

as gereral a solution for the determination of the orbital elements as

the aberration technique,

The important concept concerning the occultation measuring instru-

ment is the fact that instrument stability is required over a very short

p;ricd of time, a matter of 15 seconds at best, This means that the

absolute alignment of the star trackers relative to on- another is less

important and that the effects of thermal transients are small. When

r-fraction measurements are not being made the instrument is used for

attitude control which can be maintained to an accuracy of at least

5 seconds of arc The absolute alignment errors of the optical system

(betwe.n the opposed telescopes) are not significant and rotation of the

system to cancel out these errors will not be necessary. This change

from the aberration measuring instrument is very advantageous in that

the problem of designing a largc bearing of high accuracy to operate

in the hard vacuum environmen' is eliminated. Also, the requirement

for slip rings to provide power and taKe out electrical signals is

removed With these changes, it is easy to see that a substantial

simplification has been effected in the inztrument design.

Now since aberration is not being measured, the requirement for

the Herschel Wedges is no longer present. An angle measurement is

still necessary, but a higher response rate will be necessary. The

Herschel Wedges, b-ing massive devices, could not conceivably be

considered for this use. Extremely high drive forces would be neces-

sary to acce2erate the wedges and the resultant dynamic error would

be large Without the Herschel Weages, the burden of making angle
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measurements falls upon measuring the displacement of the center

of the knife edge detector. This alternate wa& xentioned in our

Quarterly Report23 and represents a clean design, provided that

adequate accuracy can be preserved. The use of an interferometer

is one possible method by which this measurement can be made.

Since the entire instrument will not be rotated, the require-

ment for diacetricity can be relaxed. Withcut the rotational feature,

the knife edge dctector is not required to be driven ._rt an angle

proportional to the deviation from diametricity with each revolution.

The collinearizing wedge can also be disposed and stars can be

selected which deviate from diametricity by larger angles, for

example, 2 degrees. This in turn will permit the selection of

brighter stars and the aperture of the optical system will be

reduced tc 4 inches. It will also be shortened from about 32

inches to 2L inches in over-all length.

A single axis detector (a knife edge prism) will be used for

the error detector of the instrument. Since the entire system is

non-rotating, it will now be necessary to rotate the knife edge

detector. This can be done quite readi-y by building the knife

edges on the ends of the shaft of a small motor. This motor will

be hermetically sea2ed with its own atmosphere and windows will

be provided on each end of the package to admit the incoming stellar

radiation. The rotor of the motor will be mounted on air bearings so

as to remove the possibility of oil settling on the optic,-! surfaces.

This rotating error detector will be the heart of the refraction

measuring instrument.
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The stellar radiation which impinges on the rotating error

detector will be reflected outward in a conical pattern. This energy

must be collected and refocused on a photomultiplier tube. The use

of a section of an ellipsoid of revoluton will accomplish the

necessary collection of cnergy and chopping can be performed by

making alternate portions of the ellipsoid black or mirrored surfaces.

Thus the image is rotating and the chopper is stationary; a reversal

of the usual procedure but r..netheless an adequate .

The signvis from the photow' -%tipL rs will be combined in

suitable logic circuitry and appropriate error signals will be

produced. These error signals will be used to drive four servo motors

which will articulate the ends of th rotating error detector package in

directions normal to the cptical axis. The servo motors (two on each end,

one for up-down motion and one for sidevise motion) will position the

rotating error detectcr so as 4o r-plh a null position where the in-

coming image is centered on the knife edge. The magnitude of the

linear motions required at the eads of the rotat.ig knife edge package

is plus or minus 0.050 inches. This figure is obtained by assuming

an effective focal length (EFL) for the optical system of 100 inches;

then allowances for the fol2cwing motions are made:

Annual aberration 20 seconds

Satellite aberration 10 seconds

Attitude errors 10 seconds

Refraction 10 seconds

Total 50 seconds

To be conservative and also to allow for acquisition, the maximum

travel will be assumed to be more thaa twice the value totaled above

106



Allowing for both 1ositive and negative values, a total range of 400

seconds of arc can be achieved which in turn is riui-alent to a

linear motion of 0.20 inches or plus or minus 0.10 inches.

The servo drive mechanisms which will articulate the rotating

error detector package will be hermetically sealed units. Each unit

will contain a servo motor, tachometer, gearhead, and mechanism for

converting the rotary output into a linear outpuit. With t4e linear

motion requirement oa y 0.20 inches, the output motion can be trar -

mitted thru a bellow or a diaphragm thus permitting the rotary com-

ponents to be sealed from the outer environment. Using th; size 8

servo components, the entire sealed unit need not be la--,er than

one inch in diameter and four inches in length.

The output ,rom the non-rotatilL, aberrascope will come from

two en'ies which will measure the tr&,slaton of the center of the

rotating error detector package. These encoders could conceivably

oe interferometers as already mentioned where displacements of

between! 5 and 10 millionths of an inch can L. se:bcd. This can be

done by using the blue or violet lines of helium light, noting of

course, that interference produces dark bands wnerever the distance

between the reflecting surfaces is one-hai£ wave length or a multiple

thereof. The techniques of interferometry are kniown arts and we feel

that this approach can be implemented in the non-rotating aberrascope

I- a straight forward manner to produce the desired outputs.

From the interferometer outputs, some digital computing type

logic networks will be necessary tc finally determine the required

parameters which will produnw the occultation time as required.
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B, Optical System

1. Structural Analysis

In previous reports the mechanical stractural requirements of

the aberrascope and possible sources of aberrascope structural distur-

bance were considered.24 The present discussion is an analysis of an

assumed structure for the rotating portion of the aberrascope. The

structural requirements for a rotating aberrascope are much i:nre

stringent than the requirements for a non-rotating inrument. Thus,

if the requirements of a rotating instrument can be met, no probles

wiI exist with the design of a new non-rotating instrument.

The mechanioal structural analysis has two objectives: First, to

deteimine feasibility of designing a structure of practical weight which

has sufficient rigidity to meet the accuracy requirement; and second, to

establish reasonable estimates of structural design parameters to serve as

starting points for more detailed analbsis during actual instrument design.

In previous discussions the sources of aberrascope structural aiz-

turbance were classified according to their origin in the aberrascope, the

satellite, or the orbital environment and according to The manner in which

the disturbing forces would be generated. In connection with the structural

analysis these disturbing forces may be grcuped in a more general way into

the following classification:

1) Static forces

2) Vibration

3) Thermal effects
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Static forces may be either actual atati, loads or forces which vary

slowly relative to the lowest resonant fo.-quency of the structure. Examples

of such slowly varying forces are acceleration forces due to unbalance

of the rotating aberrascope about its axis of rotation, bearing eccentricity

and wobble, and nonorthogonality of bearing surface and aberrss ope

geometric axis. Acceleration forces from these sources will 7be periodic

with the rotation of the aberrascope structure. Sinc the speed of ro-

tation will be very low compared to the lowest resonant frequency of the

stl.cturE, the structural deflection under these slowly varying loads will

be ebsentially the same as under static loads of an equal magnitudez

Dynamic loading of the structure may result from vibrations. Examples

of possible vibration sources are bearing and gear mechanical noise, drive

motor vibrations, and vibrations due to moving parts or rotating elements

in the satellite. If the frequency of the disturbing vibration is near a

resonant frequency of the structure, a large dynamic force amplification

will occur. In a lightly damped structure, such as the aberrascope,

amplification factors in the range of 25 to 50 may be obtained at resonance.

Deflections can occur because of thermal effects on the aberrascope

structure. The heat sources may be in the aberrascope, in the satellite

or in the orbit environment.

The aberrascone structure may be considered to be divided into an

inner structure and an outer structure. The inner structure is the ro-

tating part of the aberrascope which supports the primary mirror, secondary

mirror, and the knife edge bar. The outer aberrascope structure provides

attachment to the satellite and interconnection between crossed aberra-

scopes.
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r
The structural analysis up to the present tine has been concerned v.th

the inner or rotating aberrascope structure.

For analysis, the rotating aberrascope structure is assumed to consist

of a central cylindrical. section and two conical sections. Diz, main bearing

is located midway between the ends of ti.e cylindrical section. The primary

1.mirrors are supported at the ends of the cylindrical section. The conical

seczions, which are fastened at their large ends -o th - of the cylindri-

cal section, support the secondary mirrors. This structural arrangement is

shown schematically in Figure 31.

r --

7.

Figure 3 4

Aberrascope Structural Arrangement
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In the structural analysis it is assumed that both the cylindrical

section and the conical sections will be made of invar.

a. Structural Deflections Under Static Forces

Maintenance of the alignment of the secondary mirrors with

respect to the primary mirrors is the most critical of the structural re-

quirements. The aberrascope structure may be regarded as a beam supported at

the center. The action of static forces will cause ti-s structure to undergo

deflections with respect to its support. The magnitudes of the deflection and

slope at the small end of the conical structure relative to the deflection and

slope at the end of the cylindrical section determine the misalignment of the

secondary mirror with respect to the primary mirror due to static forces on

the aberrascope structure. Since the aberrascope structure is symmetrical

about its bearing, it is necessary to consider only one side of the structure

in carrying out the analysis or deflections and slopes

Fig=re 34 shows the structural dimensions and forces acting on the

structure which are involved in the analysis of slopes and deflections.

LT = total length of the rotating aberrascope structure.

L = length of the cylindrical section.

= length of the conical section.

R = outside radius of cylindrical section and large end of conical
0 o section.

R -- =inside radius of cylindrical section.

Re = mean radius of large end of conical secticn.

R = outside radius of small crd of conical secticn.

R = mean radius of small end of conical section.
m
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t
t = thickness of cylindrical section.c

t = thickness of conical section°

F = force due to weight of secondary mirror.xnl

Frm2 = force due to weight of primary mirror.

= force due to weight of cone.

The thickness of the conical section, t, and the th.ckness of the

cylindrical section, t c , are the parameters which are varied in the analysis.

qhe analysis of deflections and slopes is based on the assumption that

the aberrascope is in a force field of one g. This assumption is made merely

for convenience in carrying out the analysis. Since the deflections and

slopes, in the range considered, are linear functions of the loads, the results

obtained for a one g loadina can be used to determine the deflections and

slcpes for the actual force levels which will be encountered by the aberrascope

once thet;e force levels are known.

In evaluating the results of the analysis in terms of the structural

accuracy requirements, it will be assumed that the static loads on the

aberrascope structure will be those corresponding to a force field of 10 g.

Obtaining deflections and slopes for a 102 g field from the analytical

results for a 1 g field involves simply multiplying the analytical results by

10 2 . The assumption of a '102 g level for the static disturbing forces on

the aberrascope duilng actual operation is believed to be iery conservative.
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Figure b shows a c:atilever beam equivalent of one side of the aberra-

scope structure of Figure -'.

FL 
F

Fig1re :5

-e .... re. Erqtivalent

Consider first only the cylindrical section, Figure 3l. of length L/2. he

deflection and slope of this Eectior. at distance 1/2 from the fixed end, Figure

36: is produced by the combination of a force, a moment, and tne cylinder weight.

The force, F, is a summation of the weight of two mirors (Fm and F ) and

the weight of the conical section, The moment effect in turn is a sum of

the moments due to the mirror, Fm!!, and the weight of tne cone. Evaluation

of each of these effects yields the following equations,

Slope: = FL2  (1)URI

Deflection: YF = FL3

(2)



Slope: 9 = ML
FE I (3)

Deflection: Ym = -+EI (4)

2TI

Slope: = WL2  (5)

Deflection y = (6)

Applying the principle of superposition one can now say that the slope and

deflection for the cylindrical section are

0 cylinder = OF + OM + Ow (7)

and

y cylinder = YF + Ym + Yw (8)

Consider now the conical section of length C , Figure 34. The conical

shell may be regarded as a caunilever be.m fixed at 2he intersection of the

cylinder and cone. he slope and deflection for the loaded conical shell

cantilever beam, Figure 42 are calculated hy the double integration method

which considers the position of the beams neutral elastic curve. Effects

due to the concentrated force and the beam weight are calculated separately

and then combined using the principle of superposition.
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From Figure ,36 the following relationships hold:

R= [ + 7,tanij (9)

R= R a -t (10)

R c t1(11)

tanR R C -R n(2

The differential equation of the elastic curve is

d2 y M(13)

Where: M = Bending moment
E =Modulus of elasticity
I =Moment of inertia



The moment of inertia for a thin walled wonical section is dorived from

the configuratin of Figure 37.

II

Figure 37
Moment of Inertia Consideration

Using the classical definition for moment of inertia one has the equation

I= Udy2 = fY2 t (14.

Referring to Figure 37,

dA = dst ('15)

dB Rd o( (16)

Y2  (R sin c )2 (17)

Substituting equations (15), (16), and (17) in equation (1:) yields:

f 2 (R sin )2 Rd(t (18)

0
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Solv'ing equation (18) gives:

2
1 3II x  = t R sin 2 a-] tR 3 OF

0

Therefore, the moment of inertia I for a conical section is:

J- I - lrtR3  (19)

Referring to Figure 36 and considering the slope and deflection for the
M

concentrated load yields the equation y = - and therefore

p -Fz Zt (20)Y r t E [ n+ Z tn]

where

- F Z . m bending moment

or + Z tan gt

or-y I - ( zd.z (21),_ Y rt T (Rn T z tan,4)

Integration of equation (21) gives the following:

Y ? .. [7 -F ~ ~ + fl2+
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Solving equation (22) for C, where the conditions apply that y 0 and

(Rn + Z tan6) = Rc when Z = , one contains

-F r + C (23)0 t E R c tan7A 2 RC ta?,6

or

C- 1 - 2Rc ten2
1  2 Rc2 tan4

Substituting the value of C in equation (22) yields

y, ~- F 1 +__ _ __ __ __ + _ _ -1 Tt E Tan 2 4 3 Ra + Z tans 2 (Rn + Z tane)2  Re tan 2 R2 tan~J

(241)

Solving equation (24) for the special case, where y' = QcF and (Rn + Z tan/t3)

Rn when Z = 0, yields

9 - R2 1
1tE(cn) Rc _ccF E( RnL 2 R 2Rc

or after simplification, the slope, at end of beam due to a concentrated

load at point Z = 0 is 2
- F (CF. 2 TfE t Rn
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Integrating equation (24) for beam deflection yields

-F r Rn k. 1 n 1 ( " Rn +Z tan4 )

Y= L 2 tan2 ta (R + Z tanA ) an, tan

+ z Z + C(26)
Rc tan2/3 2 Rjc2 tan2(6

Solving equation (26) for CI, where the conditioa6 z: hat y 0 and

(RU + Z tan ) =R when Z Arc, one obtains

2 - fRc + /c - Rn/c +

E i= t 2 tan3/g (Rc) tan3 - Rc tan2  2 Re2 tan2  J

(27)
or

Cl Rn +/A c ___ + _ R
+1 t 3+ 2

2 Rc tan
3 4 tana5 R2 P tan

Substituting the value of C1 in Equation (26) yields

.- . R(n t n Z t3) +
E---- 2 tan/3 (Rn + z7 tang) tan3 R c ta /,,1

Rn Z Rn n 1~ Rn/
2 2 -o + +. t 2f +]

2 Rc2 tan3 2 Rc tan3 tan3 Rc an3 2 Rc2 tan 2
Solving the deflection equation (28) for the ,pecial case, where y' = YCF

and (Rn + Z tang) when when Z = 0, yields
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2 tan3 4 tan3  2 Rc tan3 . tan3 4

- c Rn/c 

or after sirnlification, the deflec+tion at 9nd of beam, due to a con-

centrated load at point Z = 0, is a

_ __ + e+ .- _ -2 (29)
B021- ! P n3 R Ra PC Re

Now considering the slotp and deflection due to the beam weight, Figure 34,

one again has the equation

M
d x2 El

where E and I are as in equation (20) and M is a function of weight and

distance.

The moment equation is

M = fZAdZ (30)

Taking any distance Z one finds that the cross-sectional area, A, is given

by the expression

A =9 "(R +t) . (R - )(

or

A= 2 ITR t
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Evaluating R, in equation (31), as a function of Z gives

A = 2T1f(R n + Z tan6 ,) t (32)

Substituting equation (32) in equation (30) and integrating gives the

moment as

r n'[~ + Z ta~n4 ) 3  R (Rn + Z tan$) 2
M = 2Tft/1 _3 af n n2ta2, + C 0 (33)

3 tmi 2 tan2 /9

Solving equation (33) for CO where M = when Z = 0 gives

3 R3

C0  n 2 n (34)2 te-n ; 3 tanP

Substituting for CO in equation (33) gives the moment equation as

On Z tan&)3 Rn (Rn + Z tang) 2  R 3  R 3
2T'I't F 2 n (35)

L 23/ t tan2 , 2 tan/; 3 tan 8j

Substituting equations (19) and t35) in equation (13) yields the equation

21t' tP[ (R+ Z tant9) 3 . 3 Rn (Rn + Z tzn,S) 2 + R(n36

6 tan t Rn + Z tarj 3  E

Integrating expression (36) yields the slope equation

,:" Y' = /9 aZd Z- 3 n  (Rn +~tn )+d
2o d Z R _3~ d Z+

(37)

3Ctan 2 t9aEs n 2 Zt tn,2 (Rn + Z tang ,))

++ Zt
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Solving the slope equation (37) for C2, where the conditions apply that

y' = o and (Rn + Z tan3 ) - RC when x = Jc, one obtains

C2 = ltan + - 2 Ic (38)
tanj32 Bc2 ":ang

Replacing C2 with the solved value gives the equation

F 3 Rn 0lo (. + Z tn )

3 E tane L tan2 t Lan9 (Rn + Z tan's)

R log Re + Rn3  /c- ;c

- tan / 2 R0
2 tan4 ^ -1 39

Solvin; equation (39) for the special case where y = OC and (R. + Z tan ) Rn

when Z = 0 yielde the slope equation at the end of the beam due to its own

weight.

3 E -  r 3 Rn log (L) + 3 Rn +Fs _ 2 R (40)
W3E-(RR)3 L B 2 2 Re2

Integrating equation (39) for beam deflection yields

10 Lz2 +B5 ( tanfl tan, a U73 E tan2) tan73 OgRn + Z ) -

+ Z tan}3) - Rn o (Rn+ZtanA +Z tan tang( +Zta }

0flog c Rn3  + + ta

2 Rc2 tnZ(
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Solving the deflection equation (41) for C3 , where the conditions apply

that y 0 and (Ra + Z tan8) =R when Z = c, one obtains

3 2 R tan n tanR 2 Bc2 tanR 0

Substituting this value of C3 in equation (41) yields the general deflection

3 E an 2  Z2 -3,Rn Z log (R. + Z tanA ) tan~aILY=3 E tan tn,6 n

j(2 tan2 j) (Rn + Z tan /)

3RnZlogRe n 3  z 2 3 R c+ tn + -2 cZ + log Rc
+ tan 2 Rc2 tand (c

0 + 2 11 (43)
2 R 2 t 2 .ifcjJ

Solving the general deflection equation (43) for the special case, where

y u Ye and (Rn + Z tanje) • Rn when Z 0 0, yields the deflection equat.on

Lor the deflaction, at end of beam, due to the beam weight.
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: n 4 2 + 3 log ( 2_ _ R e _n + ( ) R+st""

Je w  3E(Ren)4L R 0  c 2 R I -

The deflection and slope at the small end of the conical section due

to a concentrated force, F.1, may be obtained from equations (25) and (29)

J of 'frs above development.

" 9 Force - F (_ ) (25)
cone 2 'lrEtRn

y Force = - + 2log(L R.+ c (Rn - 2
cone 2 lr t E (Re  Rn)3 LRe Rn Re Bc

(29)

The deflection and slope at the small end of the conical section due to the

weight of the conical section is given by equations (40) and (44).

e ) 3 n log- + + 3 R - 2 R (40)
Weight 3 (Rc - Rn 7R Rn 2 n2  2 a]

y Cone HcaB 7+
2(E) c H + 3 logH ) - nj-(I-

Equations (25), (29), (40), and (44) have been restated on this page

in order to sumarize the results of the previous analysis.
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The principle of superposition is now applied to give the slope and deflection,

for the conical section, as

g Cone = GF Cone + Ow Cone (45)

y Cone = YF Cone + Yw Cone (46)

Total deflection of the free end on the aberrascope sccion,le, is now
2

obtained by translating the cylinder deflection to the free end and adding

cylinder and cone components directly.

L ____

Elastic
Vurve I~

Tanrent to elastic 7 1
curve at intersection T
of cone anO cylinder

Figure 38

Beam Problem Parameters

Translated cylinder deflection, yc, (Figure 38) is given by the equation

Yc = Y + I g

(47)
where: 0 ai -47)

~c ±-1
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The total deflection of the aberrascope secticon, T, can now be stated as

Yt = Ya Yc (48)

where: Ya = cone deflection

yc = cylinder deflection

and the slope of the configuration can be stated as

Ot = 91 + Q2

where: 91 = slope due to cylinder

')2 = slope due to cone

Utilization of the above equations will provide information as to the most

desirablc cylinder and cone wall thickness consistent with allowable

secondary mirror deviation.

b. Evaluation of Deflections and Slopes

Calculations of deflections and slopes for the aberrascope

structure were made using the following numerical values.

L= 5 inches tc = .1, .2,-.3, .4, .5 inches

c = 13 inches t = .05 .10, .15, .20, .25 inches

so inches Fml= .03

i=(4 - t ) inches F2 = 1.51 #

R e. 2.5 inches JO .294 #Iin.3

= (2.5 - t) inches B = 20 x 106 #/in.2

16



The data obtained, assuming a one g loading, is tabulated in Table VIII.

Figure 39 shows the total deflection at the small end of the aberrascope
-2

for a 10 g loading. Since the deflection at the end of the cylindrical

section is negligible compared to the total deflection, the urves of

Figure 39 also show the deflection of the secondary mirror relative to the

primary mirror for various values of wall thickness for the cylindrical

and conical sections under the assumed loading. Fi6are ',- .howi zhe total

slope at tne small end of the aberrascope structure for a 1O-2 g loading.

Tne slope at the secondary mirror relative to tne position of the primary

mirror is snown in Figure 41.

c. Weight Calculations

In addition to meeting the accuracy requirements of the

instrumcnt, the aberrascope structure must be kept within reasonable weight

limits. Calculated weights of the aberrascope structure for various com-

binations of cone and cylinder wall thickness are tabulated in Table VIII

and are plotted in Figure 41. The calculated values include the weight

of one cylindrical section and two conical sections. Weights of the bearings

or components mounted on th structure are not included.

d. Conclusions from Static Ioad Analysis and Weight Calculations

The curves of Figures 39, 40, and 41 show that both deflec-

tion and slope increase with increasing cone wall thickness. Deflection

and slope decrease with increasing wall thickness of the cylindrical

section. Therefore, the best structural arrangement for mininf.sing mis-

alignment between the primary and secondary mirrors is one having thin

walled conical section and a thick walled cylindrical section. However,
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Figure 39
DEFfLECTION AT END POSITION OF THE A3MEASCOPE

UNDE 10-2 g LOADING
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3.8 Cylinder Mhickness- t inches

3 11
3.

3.013,2 __

3:o,3

~~~~. . ...... ... ...
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2.6 ,._t 0.

2 4.
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Figure 40

SLOPE AT END POSITION OF THE A~HRASCOPE
UNDER 10-2 S WADING
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STRUCTURE WEIGHT OF ABERRASCOPE
CONFIGURATION
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the overall weight of the structure ±acreases with increasing wall thickness

of the cylindrical section, so that a compromise must be made between

structural and weight requirements. Also, the cylindrical section must

be sufficiently rigid to provide support for the aberrascope main bearing.

From the above consideration wall thicknesses of .05 inches for the
I
N conical section and .2 inches for the cylindrical sec-.--n appear to be

reasonable choices. The weight of such a structure would be approximately

15 pounds as shown in Figure 42. Comparison of the deflection and slope

r magnitude for a loading of 10-2 g on this structure with the accuracy

requirements may be made from a consideration of the sketch below.

Kt i~f. - _ __ Ivrrro.-- c ,

x coordinate lies along optical axis.

y is normal to x.

9 measures rotation with respect to a plane pezy3ndicular to x.

The quantities S x, i(y, and 9 indicite small displacements relative

to x, y, 0 coor0inate system.
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Displacements 4 y and SO correspond to deflection and slope

respectively. The allowable errors in alignment during one rotation of

the aberrascope due to disturbing forces are:

4y 2 x 10-5 inches

6 Q .01 seconds of arc

The calculated values of deflection and slope fV: tnc structure and

loading assumed above are showm in Figures 39 and 41. Using a cone wall

thickness of 0.05 inches ani a cylinder wall thickness of 0.20 inches,

the following values are obtained:

Sy = 8.9 x 10"8 inches

gQ = .0016 seconds of arc

The deflection is less than the allowable error by a factor of 200

and the slope is less than the allowable angular misalignment by a factor

of 6.

e. Structural Response to Dynamic Loads

While the above analysis of slope and deflections under

static loading showed that conical structural sections with very thin walls

would meet the accuracy requirements with larger factors of safety, it is

also necessary to investigate the btchavior of the structure under vibra-

tional disturbances. In order to avoid instrument errori due to vibration

it is desirable to have the lowest resonant frequency of th stxrcture

significantly higher than the frequency of any disturbing vibration.
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Since the cylindrical section of the structure will be much more

rigid than the conical sections, the vibration analysis is concentrated

on the conical sections. The ways iu which the conical sections may

vibrate may be classified as:

1. Cuntilever beam vibrations.

2. Thin shell vibrations.

3. Torsional vibrations.

Each of these forms of vibration will be considered in turn below.

(1) Cantilever Beam Vibration

- A =d d 2t)2

K[d' (d Bc 2t)j
_-__ A = Cross sectional area of shell

I = Moment of in inertia of shell

The first mode of vibration as a cantilever beam is calculated by

the Rayleigh method. Elementary beam theory is used in the calculations.

This introduces some error in the results due to neglecting transverse

shear and rotory inertia. However, the frequencies obtained should be

sufficie-,zly accurate for the purpose under consideration.
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The deflection curve under vibration is assumed to be the same shape

as the deflection curve for a uniform cross-section cantilever beam under

a uniform static load. The actual shape of the vibration deflection curve

will be somewhat different than the assumed curve. This, however, will

introduce only a small error into the calculated frequency.

Taking

X = a (6j2 X2 - 4jX 3 + X:) (3)

where X = mode shape

a = a constant

the boundary conditions of the problem are:

dx d2 X

X =0 X=4
(4)

(x) 0 d d2 x
X= 0 x=0

The resonant frequency is obtained from the equation:

2 d2 X2
= (5)
AX2 dx

(j = resonant frequency

E = Modulus of Elasticity

= acceleration of gravity

= density per unit volume
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= length of shell

x = distance from fix end of shell

d= [D -l D -D2 x] (6)

d = outside diameter of shell at any cross section

D1 = outside diameter of large end of sh-11.

D2 = outside diameter of small end of shell

Letting

D -D2  c (7)

Substituting equetion (7) in equation (6)

d - CxI (8)

Substituting equation (8) in equation (2) and expinding the terms gives

t Ajlx +A 2 x+ A +A (9)

where

t = shell thickness

A1  = (6tD1 C - 3D12C - 4t 2C)

A2  = (3Dc 2 
- 3t02 )

A3  = C3

A4  = (DI 3 - 3 tDl + 4t 2 D -2t 3 )
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Substituting equation (8) in equation (1):

A=It(Dl- t)- Cxj = It [(D1 t) (DI 1)xI (10)

d2 X 2 3 a2 W t , 5

J i(l dx 14-0--
0

+ 3A 3  3 + 168A4 (ll)

/ ,, 2 a 2 4-t _- -728tI (12)
JA X dx = 315 14 ,+5478(2

0

Setting equation (11) equal to equation (12) and solving for 0 
2 gives:

- 2A 2  3A 168 f-

2 3 I/2 T
, - 6.75 L (,3+ ) D2-'28t

Equation (13) may be solved for W•

(a) Numerical Calculations

D= 8

./ 13

c - 8-5 = .231

..3

E 20 x 10
6

A =.294
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t = . 1 ., .2

fn = 2jr

(b) Results of Calculations

t .05 fn= 1665 cps

t =.1 n = 1 1°" p

t= .2 fn = 1616 cps

The resonant frequencies for the conical shells for cantilever

beam vibrations are ve.-j high. Variation of the thickness over the

ranie considered makes little difference in the resonant frequency

(about 3%). This is probably less than the error in frequency due to

the various simplifying assumptions made in the analysis.

(2) Thin Shell Vibrations

The thin shell vibration of a cone may be composed

of circumferential modes, axial modes, or a combination of these modes.

If a section perpendicular to the axis of the snell is considerzd, thz

vibration may consist of the periodic movement of a number of stationary

waves distributed around the circumference. This form of vibration is

illustrated in Figure 43. The number of circumferential waves is indi-

cated by "S".
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S=2 s:, =

Figure 43. Circumferential Waves

m l m=2 M=

Figure 45. Axial Waves

Figure 46. Location of Noles
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Figure 45 shows the first three axial vibration modes of a conical

shell with one frep and one built in end. Figure 46 shows the location

of nodes for one case of combined circumferential and axial vibration

(n= 3, m= 4).

The calculation of resonant frequencies of thin walled conical shells

is a complex and time consuming process. Since the inf~r tilon of

principal interest is the lowest resonant frequency oi the shell, the

analysis is limited t.. the case of circumferential vibration only, (m = 0).

The frequencies of the axial modes cr the combined axial and circumferential

mode will all be higher than the lowest frequency of purely circumferent!il

vibration.

A Rayleigh-Ritz procedure is used to determine resonant frequencies

of circumferential modes of vibration of a conical shell which is built

in at its large ends and is free at its small end.

The Rayleigh-Ritz procedure equates maximiLm potential energy to maximum

kinetic energy. A displacement ih, first, assum=d for the mode shape of the

vibration. The assumed mode shape must satisfy the displacement boundary

conditions and contain arbitrary constants. The maximum potential and

kinetic energies of the system are obtaInned from the assumed mode shapes.

The resonant frequencies are calculated by applying the Rayleigh-Ritz

procedure to the resulting statement of Hamilton's principle.

The analytical development follows that given in the paper "Vibrations

of Conical Shells" by H. Saunders and E. J. Wisniewski, 2 1 except that

modificacions are introduced due to the different boundary conditions of

the present problem.
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The middle surface strains of the shell are expressed in terms of

middle surface displacements ul, u2 , and W,- as shown in Figure 47. Each

displacement is assumed to be a sinusoidal function of time.

v, (Z, Q, t) = ur(Z, 0) sin U t

uI (Z, @, t) = u,(Z, Q) sin w t

u2 Mz Q, t) = u2(z 9) 'I W t

iz

Figure 47. Middle Surface Displacc-cntz

Z = cylindrical coordinate measured along axis of cone from apex

u1 = meridional diplazement at position Z, @, and time t

u2  Tangential displacement at position Z, G, and time t

() = inward displacement normal to the tangent plane to the shell
surface at position Z, 0, and time t

io = Z coordinate to smaller edge of conical shell

1 = Z coordinate to larger edge of conical shell

= one-half thte included angle of the cone

h = shell thickness
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Linearized expressions given by Love 2 2 are used for the middle surface

strains, 1 ' E12 and the changes of curvature, K1 , K2 , and KI2.

1l U, Cos C<

eu2 cosc( uWE2 = 9Zsn( + Z- cos (0( - LV CJ ' ¢°20

Z sinC' Z Z sine(

ZCos0( (u) 2 + cos 0( o 11l2 -7 zos (-)+Z sin -(

2W 2

K, = E cos

K2 _ 2 cos + cos 20O( 
2 W 2 cos 2  LU-

K e Z2 s izzo( z2 sin2  
C 02+ Z _

'2 u2 cos 3 0( os3 Cos 2 cos 2  
L _-

S Z E smO Z2 sZnO( Zsno c a() Z2 sinoc

= meridional strain of the middle surface of the shell

& 2 = circumferential strain of the T.iddle s'-rfac-

E12 = shear strain of middle surface

K1 = change of curvature of middle surface in meridional direction
due to deformation of the middle surface

K2 = change of curvature of middle surface in circumferential
airection

K12 = twist of middle surface

The maximum kinetic and potential energies are:

Oh ( 2 2 .2

T - uI 2 + )dA (3)

A
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v= 1 Eh f (Kl + K2) -2(1 -V) (K K - K 22)
) .. 12)L)212
A

+ (E'l ) 2 (. ) ( E1 2 - £ 1 2 ) A

Substituting Equations (1) into Equations (3) an. ( ) getier with

proper limits gives:

2 2 1T - 2 2 , Z sin O
T=! /h w W ( , + u 2  ' 2 d-d Z dQ (5)

sJ JI

1 Eh h2  2

V 2  (1 -V2) 101 + 2) -2 (1 _V) (K 1 K2  K 2

(6)
+ 2 2 _ 2 (1Z sin (+ £ Ed -1 (! V(l 2 "  CO2) G( z) cos2c

T = maximum kinetic ener-, of the vibrating shell

V = maximum potential evergy of the vibrating shell

E = Modulus of elasticity

= Poisson's ratio

. density of shell material

= frequency

The displacement boundary con.ditions for a coic3l shell built in on

the edge at the large end and free at smal 1 end are:



U = 0 at Z =
(7)

Wr = 0at Z= I

The mode shape assumed for kr is:

-- (4- Z)2  A+B Z sinS9 (8)

S = number of complete waves around circumference

A, B = independent constants

The other two displacements u, and u2 are selected so that 1 l and F 2

are zero.

Then: uI  = 0

2 (=1 - z) 2 [p +  cos se (9)
S

Z.p cOsL R Z1) z
12 oSo ( Z2. +2B4(T[-l) cos SG

K1  cos 2o( 2A + B (6.z - 4 )] sin S

K2 = cos ( + 2 ( 1 - + B LP - 2

+ + (3 Z 4 + sin S9

12 6c= S sin a I i

50botituting Ul, u2 , and u from tq .stions (9) and (8) into equation (5)

and carrying out the integration gives the muximum kinetio energy.
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2 0 O 16(tan C)( + COS2 2 °6(
- -- S ) A2 _  . .--- i6 ) (O

- 0 /03) + -(1--5 21

+2A3 ,11I  (1- ) -. ( Ao
/6

The corresponding expression for the potential energy is obtained by

substituting K1, K2, K12, and :- 12 from equations (9) in equation (6)

and integrating.

For convenince the potential energy is divided int o parts

V = Vb  + V + (i)

"" Vb = the portion of the potential energy due to K]., K2, and KL2.

be = the portion of the potential energy due to El9. .

S4 h 3 tan O( 32

2 ( 1 4 + " 1 + L

/6 5 (12)
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/10 ,/ 0 2 7
4 0

F1 O2 3 ( ) + 34

Yo 4 . + o
2/

1 0 4__ /2

ZJ111 )+21 g-+2(1--'

+ 2( k _) i-c 8 4. (l + .o 4. 2 ('o3g - :0
s22 L 1

1

4 J02o

.3 /2 ;

4o (o /3 ) + 24 log 41 ) l- /

/(1 11

+ 2 (1 sin2 .)C B2[1)-12 2io

'2 _3 /2 _

+ 081 (

L3 12

+2(3 4 2 +1 1-I~orlo
4*1 /0
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/2 j
-i0(i- ) + 16(1- /o + ( --g,4)31 2 2

-I. -i 7L -

1 23

- -- 0-) + 10 (1 / + -3(in )

2 F 0( '

+}3 [1(; ) -2 -(1 
__

2 ( 2 4 o J03 /o2

+ 1 1

/ <3
/ 4 /34 2'

+1og~~~ +2L /1 )' + 3 (1 4) 61 -)
T7 77,

/~G -/ + 0, /(1

16 91 ~ +1 J / 4
6 ( .+-4(1-q ;)j +(1 - ~2
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-121-/ + 11 (1 - /2 1
2 2113 

'

+2(lo-V sin2. [f2(l-y - $(l))

V hftncc;~~l~2 [3 /1T3,

S '5

o 4

V hItotanC( Co +4AA2 1 [i (l~ -~ (1 -(3

I J- 5 J0

/03  2 2 1 -Fo

-+ (--P)7
3 /141

Since the assumed functions Ul, u2 , and W are linear sums in the

independe~nt constants A and B, the expressions for the maximum kinetic

and potentiul energies become quadratic forms in A and B,. The Rayleigh-

RitL procedure applied to Hamilton's principle gives
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(T V) 0

(14)

_ (T-v) = 0B

Introducing the expressions for T and V from equations (10), (12), and

(13) into equations (14) and carrying out th: aiffej- -;Aivn gives:

)(T --V) 1-7- 2 2  (tan0( + cos2 0 2A 6
. --. /OC(hS

4 4 1o3

2 .45 4_

+ 1 /o 2  + 2 0 7 20/06

6 /o5 /o ( /3 >j2 21 ,1 1 -7

3

E h tan 2 Tcos C << 2 A (2

24 (1 --Y --K2+(1y-

+ .iil2 + 6 log 4 -(1 - 'o ~+ 4(i.l )

- ./ /0 " / +1
I 2 / + /o o2 + 4 ,d (1 - 2- 3 (1 - /0 + 3 og _

/02 J 
//0

L/- + 2 (1 -/ 1- 0

10~L)+ 21 +4lo
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/2 / /2

+2 13(I -2 4(1- )+ 2 og + (l-

+1 + 2 (1 --y ) si -26 (1 - /) log

/2 T /0
2

1 - "og -

4 -(l- / )0 +12 (L- -/) -8log j
13 11 /11 J

- J l 1- e03 -1 (1--/02) + 6( /)

16og 1 - /l 3 ( - T

16 og ( - /lL 4 (l / 3 14 (1 /02

A 0 13 j 1

2 6(1-o 4) iog 2)1 ( 4)
(7 -L3 --10(1: 2o 3-ToJ 3 13

sa (i- iz 3
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1., 2 7 , -F7

Eh 7( ta0C-O- 3 (24)1 4/ /2

.,,3
+ log +4/,c1.-.y-c. -44/ Al

5L1

/)3 (15)

I T-.. V) 2> J< l6  .ta.nC( + o
8 ph 2 I (C x s2 ) 2 A/

) i7 1 (1- "0

Eh 3J7 325 //i --_ 1 -1 o r, .08 72
1 15



2 2
10 22 Al, J

- ,:03

74" l--'1-

-2 71 /0 o

+ -- "-4 (1 04( + 20 (1 _ log A
/131

-16 1- +8(6-(
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3 0 / 3./3 - /1o

16) 3 (1 -2 ) 4( 1 . )+1

/3.
+ 2j ;-(1 - n Jo 80 -0 0

1-' 7--1

o Jo3~-T i -1 10 ' -T"2 ?

J°3 jIo 2o

3+7 4 (1 c - -

12 (1 0L 3 + 1 4

7 12

+ 1-- i2 1 2( 0 0



-1(1- +4 (1 )o3

+- 8 6 5- 7 7

(16)

The two linear homogeneous algebraic equations (15) and (16) may be

solved simultaneously for the square 
of the resonant frequency, W 2

10 = 21.666

)1 = 34.666

( = tan-' (.115)

= 7.61 x lO
4

E = 20x10
6

-Y= .29

Substituting the above numerical values into equations (15) and (16) gives:

(- v) [A] [4.93633 102 (h 2) 1 s2

- (h> K8.93044 x 108 - 9.97709 x 1o6 ('966 " )

3.62061 x 106 (986 - S2 ) + 2.06560 x 106 986 -S 2  2

•. 13 + 55
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h 7 B 11 fl57618 x 13A ) (19.6 S')

2.87163 x i0 1 (p- )J 17)

- (h3) <1.53066 x 1010 - 3.49983 x 108 (.986 - S2 ,

• 013

,1 7 a 2 .8- 2
+ 5.9883 x 1072 (986j + [4B]129667 x i5( )(.

- 5).988 x 1~ -h .!45 0 .013

(T - 2 .986 - S2

A[3 1 ) 57618 x 0 2 .013

SS

5. 9823 x 1 .12 + Bo °  - .9 673 1 0 ( h L ) 986S15

2 2/01

-(h 3 )  3.80788 x 1011 - 1.14657 x 1010 ('013 s )

1.993 x19(' ,i s) 2+ 8.6414 1- ( . )2)

i.. a819 x 1014 h 0 (18)
!s
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Substituting values of S and h into equations (17) and (18) and setting

the determinant of the equation equal to zero will yield the equations

which may be solved for the resonant frequencies,(/ . Thus, in order to

obtain a preliminary estimate of the resonant frequencies of a zonical

shell, an analysis based on the vibration of a thin walled cylindrical

shell was made

The resonant frequencies of a conical shell having a small semi-

vertical angle and a small length-to-radius ratio difie: on-y slightly

from the resonant frequencies of a zylindrical shell whose diameter is

equal to the mean diameter of the conical shell. A freely supported

cylinder is considered where the ends are forced to remain circular.

The slope in the axial direction is not constrained to be zero as it is

in the case of a fixed end.

The end condition at the large end of the aberrascope conical shell

structure will be somewhere between a fixed end nnd freely supported end

condition, since the fastening between the aberrascope cylindrical structure

and the conical structure will not be completely rigid. The end condition

at the small end of the conical structure will depend upon whether or not

a stiffening flange ui ring is Used au the end of the shell. If a stiffening

ring is used, the end condition will be beTveen that of a fixed end and

a freely supported und. If a stiffening flange or ring is not used, the

small end of the conical structure will be a free end. Thus, the end

conditions taken for the mean diameter cylindrical shell will not corre-

spond exactly to the end conditions of the vonical shell in either case.
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!u the case of a stiffening flange or ring at the small end of the conical

shell, the assumed end conditions are conservative. If the small end of

the conical shell is not stiffened, the actual vibration frequencies will

probably be lower than those calculated for a mean diameter cylinder.

However, the frequencies obtained from consideration of a mean diameter
cylindrical shell with freely supported ends should give 4atisfactorv

approximations to actual conical shell frequencies to serve as a guide

for the selection of conical shell design parameters for more exact

analysis.

The equations used in the calculation of resonant frequencies of the

mean diameter cylindrical shell are:

f 2 1 ( - 2 -V I A)

f = frequency - cycles perA second

a = mean radius of cylinder

Jo ,density of cylinder material

E - modulus of elasticity

-= Poisson's ratio

A frequency factor obtained from Figures 4, 5, 6, and 7
of reference paper.

A mean circumference mlTa

m = number of axial half-waves

I = length of cylinder

t thickness t
mean radius a

t thickness of cyli-nder wall
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The calculation of resonant frequencies was effected for a cylinder

fabricated of Invar. The significant parameters of the material and

dimensions of the cylinder are listed below.

E = 20 x 1O
6

/ = .294

a = 3.25

g = 386.4

t = .05, .10, 15, .20, .25

= 13

Table IX

.05 o1 .15 .20 .25

04 .015 .031 .046 .062 .077

Table X

1 1 2 3 45

A ,785 1.57 2.36 3.1i 3.93

Calculations were carried out for n = 2, 3, 4, 5 and m = 0.1. Larger

values of n and m would give frequencies which are too high to require

consideration.

The resu" ts of the calculations are shmm in Table XI and Figures 40

and 49. Only those frequencies at integral values of n ir. Figures 48 and

49 have any significance. The dotted curves merely interconnect points

corresponding to the same shell thickness. From Table XI, the lowest

natura- frequency is seen to be 108 cps, which is comparable to the motor
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Table XI

Frequency - cps

L 1_.015 .031%o o46 °6o .077
-- r 1 0 1 J 1 0 1 0 o

' : 1  :: Iq 249 )8.1 54G 789 830 107,9 L12C l~i 1411 1577

4 540 64 1079 1080 1619 1494 2199 2130 2615 2781

5 91-, 913 1743 1743 2656 2739 3403 3528 4192 4358

speed of a rotating aberrascope. If the motor r)tor is properly balanced,

the vibrational energy which is induced inuo the structure can be kept to

a minimum below a value which might be detrimental to the operation of

the instrument. Frequencies of vibration other than the fundamental are

much higher than any energy source and thus will not pose a problem.

(3) Torsional Vibrations

Although the aberrascope stracture may have torsional

vibration modes about its axis of rotation, it is not likely that this

type of vibration will cause any difficulty. The frequencies o the

torsional modes of vibration will be high and it is unlikely that there

will be disturbing forces in the aberrascope or satellite of the type re-

quired to excite these modes of vibration. No detailed analysis was made

of the torsional vibration Dehavior of the aberrascope structure. However,

in order to obtain an estimate of the order of magnitude of the lowest

torsio..al resonant frequency, a calculation based on the equation for the

resonant frequency of a cylindrical tube f.xed at one end and built in at
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the other was made. A value of 1,985 cps was obtained. This indicates

that the lowest resonant frequency of torsional vibration is high enough

so that it will not be excited in the satellite environment.

f. Thermal Effects

Some discussion of structural deflections due to thermal

effects was presented in the quarterly report of September 15. 1960. No

further work has been done on this problem.

g. Gyroscopic Torque

During satellite maneuvers, gyroscopic torques can be

geuerated by a rotating aberrascope structure. These torques could cause

deflections of the aberrascope structure or difficulty in satellite at-

titude control. The magnitude of the gyroscopic torque is given by the

equation:

T = IA (A )S

where:

I = moment of inertia of rotating ,.rCxascope about its
axis of rotation

(A0a = aberrascope angular velccity

W)s = component of satellite angular velocity about an axis
perpendiciular to the abcrrascope axis of rotation

31 22Ro 
5 ) - (R-t) 

IA= meyl. LR - + (Re) + (R3 - Ra3) 10 [(Ro-t) 3 
-(Ra-t)7P

Values of Ia corresponding tc several different combinations of

cylinder and cone wall thickness are shown in Figure 50. Using these

values of 1a and W a equal 90 revolutions per minute, gyroscopic torques
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for values of(J from 10 to 60 minutes of arc per second where calculated.

S

The torque magnitudes obtained are plotted in Figure 51. To minimize

gyroseoupic torque effects, structure wall thicknesses should be kept as

thin as possible consistent with structural requirements.

h. Summary and Conclusions

For purposes of analysis, a structure consisting of a

cylindrical section and two conical sections was asslmed for the aberra-

scope. It is believed that this assumed structure is a good model of

the most practical design for an actual aberrascope structure. Analysis

of the response of the structure to static and dynamic loading for

s averal different wall thicknesses of both the cylindrical and conical

sections was made.

From consideration of static deflections, cantilever beam vibration,

and torsion vibration, the wall thickness variations of the conical sections

over the range of values ccnsidered were not significant. The analysis

indicated that conical sections with a .050 inch wall thickness would

meet the structural requirements relative to static loads with substantial

factors of safety. A wall thickness of .2 inches for the cylindrical

section should meet the static load structural requirements. From the

point of view of minimizing weight and gyrvbcope torques the walls of

both the cylindrical and conical sections should be made as thin as is

compatible with other structural requirements. Practical limitations on

wall thickness reduction are set by consideration of thin shell vibration

support of concentrated loads and mounting attachments, and in the , 'e of

the cylindrical section, support of the main bearing. The thickness of

.05 inches and .2 inches or the conical and cylindrical sections would
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give a total structural weight of about 15 pounds. These wall thicknesses

should also give sufficient structural strength to meet requirements of the

main bearing support, and support of concentrated loRds nd .t.Ing ttach-

mevts. Although the thin shell vibration frequencies for te -onical sections

have not been evaluated, approximate calculations based on cylindrical tubes

whose radius was equal to the mean radius of the conical sections gae. a

lowest resonant frequency of about 110 cps for a w&17. i._I ess of .05 inches.

This frequency is probably higher than the frequency of any disturbing force

to vhich the aberrascope would be subjected in actual operation.

In general, the analysis indicates that an aberrascope structure of

reasonable weight will have sufficient rigidity to maintain required

instrument alignment requirements when subjected to the rje'hanical dis-

turbing forces which are likely to be encountered in operation. A more

detailed investigntion of thermal effects should be mae, since these may

present more serious problems than the mechanical disturbing forces, par-

ticularly for an aberrascope whose structure doaz .ot rotate. The strength

and rigidity of the stxucture analyzed will be substantially improved with

only a slight increase in weight by use of stiffening ribs and flanges.

In actual desigE, flanges are necessary for interconnecting the structural

components. Thus, we are assured of a structure which will be couletely

adequrte for the requirements of either a rotating or non-rotating aberr,-

scope.
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2. Detail Desig-.

IOn the basis of the st-.,tuval analysis given above, a

prelminary desin of the optical system has te. made W Is sow in

Ii Figure 52. The mechanicsl structure is shown to consist at three cast-

ings, two of which will house mirrors and the third Is the cintral h4l*s1b,

The primary cell will mount the prizary mirror, the principle lht baffle

j " and will also provide a means of ata a hin the opyteal *yeete t the baance

of the aberraoope. The prims-y mirror must of couse be polimae4 on its

outside diameter to -in Ize the possibility of cracking during a~ssmbly

The primary mirror will 'e eested against a flange in the priwy aell;

-i _vaver, the mirror -i1 elwat the fiange Ccly at three points, At

Pthese poirts, a film of aluin= between ,003 - .005 inches thick will
serate he mior fro the flanges O the back side of the mix p,

i the restraint will be al three prnints so that 'the force applied to the

back of the mirror is direotyr .pp.site to the sup-t points on the

[frcnt. B this uean , no beding t-.rques will be applied to the Mirror.

pThe secondary w~rror will be mounted in its io=sing by the am

principle as the primary mirror. A cpacer is s sim Letveen the wecaary

mirror fact wid the hous-ig flnge. --a purp.se cf this spae: is to

allow for adjustent Cf positif= uf the setc-4ary with respect to the

11 primary. The fial stiplatt±. on he iion ef the focal plane isv that it be located appropriate:y with respect to +he optical systm

mounting f3.ange. In crder. to hold the dime.sio from the focal plane

o the mounting flange to a teierst,.e of +0.005 irches, the position of

the secondary mirr'r must be adjui.tedo Tis adjustment can be effectedHby changing the length cf the s paer in fr.nt cf the secondary and by

, adding (:r vdbtraVing) an a icprate .apaser . the back sid*e of the

IFSecondary mirror. ESAVAILBESTI :AVAILABLE CP
ICOP



mz-zting f4a e rr ':e met. 3 ,: t:!- se -I'1sZ to tht central.

hc-i: n ct -&:..1 a min±Ln rf L60ctCt±oi.. Vh1 the raoe ,

are secured in pla~e.

Th~e cntral eiig is unpl.y a cor.4.ci. ehell vhztr-h constitutei- the

-- mSTJr portion of the :pticai1 system bh7ihir4. The material. which vii! !a

'us-d fcr this ho~using is veil as tme ynirr-r cta.&; irv Invar. For

the f imat pr-ttype molie!, SL re.: :-muends the upe cf comme~ial Invar and

Vytor brand glass #7,%V- (Coftng Glass- Works). These- mte~ials- have-

clo;sely w, -,bed zzefficients cf -expansi-nn h--wever the- coefl'±',_:ehte -are

larger fthan -the -coetf L~ent :f txpanst:n of f used sil-ica. In the

1 26
- jusrterly r~eport, GM: recormmen-e! th6 ase cf Tlused silica for the

mIirors and a 1v expanhion -alicy (!A-6e5 Dodi-ced by- the dteneral Comb-
municatlIcnu Company) f-: the structure. This 1T.f expansioa plro i s 1sat

[ tig experimented- t.-. letconitrate ;.ts eastability. Shoxld -casting5 pieve

fftsible, the combination. of IA-685 and fuslel all~ dill be used 2z ta.tute

tL-instruments. For 'the present,, v~ersial Invar An! 'Iryco 6lass Vill Meat

I' the inetrremnt rz!Bjufrtmerts, uins~ tlz- extrem smeta prob;Aes Vill

not be -erzouteret ii~: +he frst prctztype.

$ jGM: is n.et attempting to peife.vm any lens -esign or- the qoptical iyuetem;Ihowever., the basiz paraMeters nsvs ceer. 'orkel cut an-1 this- intornatcr- vil1l
I ~in turn-be irppilied to th epet-nvc M ilpirchkse the optic..

The mechanical cs-cnento -_1 the crptl oai system vS.:1 be f &Ic_2.atqd "in

house" -and trnishiil to the optical rappiiiir 'rh. mutt finally mount the cover-al

optical system ecifisation.

Mhe type of opti' al systemv-il, be a vari~zt frous the true 'Cassagrai .

* L ~in-that a spherical seacn.5ay wilbeAUd. h. is knownv -- as a Ishl-Kirkhi

* 169BEST
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system. The effective focal length will be 100 inches + 4 inches with

an aperture of 4 inches. Th is is essentially an f/25 optical system.

The system tolerances which have been established are the following:

tolem.alce on '1.c distancc from the focal plane to the mounting face

of the optical system will be + 0.005 inches; the diameter of the blur

circle at the focal plane containing 60% of the energy will be 0.0025

inches; and the location of the focal point from the or .icrl axis in

the focal plane will be + 0.010 inches. The requiremenr for a plane

mirror surface on the back side of the secondary mirror is for the

purpose of alignment in test of the complete aberrascope: to align the

optical axis of the aberrascope with the collimators which will simulate

stars.

The optical system design is such that it can be completely dis-

associated from the balance of the aberrascope; i.e., no electrical

connections are required in this unit. The two optical systems required

for one aberrascope will be identical. The problem of designing the

aberrascope to track a pair of stars which are not oxactly diametrically

-- opposed can be solved by designing a pair of wedge-shaped spacers. These

r spacers will be inserted between the optical system mounting flange and

the central portion of the aberrascope which houses the error detector

and the electronics. With the use of these wedge-shaped spacers. the

optical systems can be interchangeable and also, only the spacers need be

changed if the star selection need be changed before the design is

completed. The machining requirements with this type of design are thus

relaxed and the tilt between optical systems can be introduced with

spacers, not with complicated machining of the basic struqture.
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C. Rotating Error Detector

The rotating error detector measures the pointing errors of the two

Cassagrainjan optical systems. The electronics which is most imnediately

associated with the error detector yields the pointing error in polar

coordinates, and additional electronics converts the polar error signal to

cartesian coordinates. The cartesian coordinate error -1 .aLs are used to

position the respective optical systems, tending to reduce the pointing errors

to zero.

1. Principles of Operation

Light from the Cassagrainian optical systems falls upon the

rotating knife edge prisms which are driven by a hysteresis motor. See

Figure 53. The reflected beams from the two surfaces of each prism fall

upon ellipsoidal mirrors, and are reflected from the surfaces of these

mirrors into phototubes. The surfaces of the inner ellipsoldal irror

(those closest to the prisms) are silvered in seri:ated bands, so that thc

light beams are optically switched alternately into one phototube and thun
I

the other as the prisms are rotated. 'he electrical signals developed by the

phototubes are then combined with electronic logic to produce the error signals.

2. Optical System

[he inner ellipsoidal mirrors are silvered i serrated bands as

shown in Figure 54. Light reflected onto these mirrors by the rotating knife

edge prism will pass th.rough the mirrors at the clear arc.s and will be

reflected- at the Yiivercd areas. "Me two inner mirrors are identical in
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shape and are silvered identically with the exception that the serrated band

on one mirror is rotated 10 degrees in relation to the other. Me relationship

is shoim in Figure54. This figure erroneously shows the silvered bands of the

two mirrors as being concentric in ordar to illustrate the phase relationship

between them.

Light which is reflected from the silvered s=fac;:ez -t. the inner mirrors

is reflected directly into one phototube. Light Ahich passes through the clear

areas of the inner mirrors falls upon the wholly silvered outer mirrors, and

is reflected into the other phototube by another optical path.

As the prism rotates, four sequential optical situations exist. These

are illustrated in Figure 55. Tht- situation changes for each 10 degrees of

rotation of the prism, so the sea ucnce is repeated nine times for each

* revolution of the prism. he entire sequence for one revolution is given in

Table XII.

3. iechanical Configuration

7-I The error detector is contained in a cylindrical housing with

square end caps. Windows are provided at the center of each end cap of the

L housing to permit entry of light from the Cassagrainian optical systems into

the detector housing. Windows along the sides of the detector housing. pass

light from the ellipsoidal mirrore to the phototubes. Each of the windows

I' mst be high quality plane-parallel with min "z wedge angle. The field of

the hysteresis synchronous motor fits inside the cyindricR' housing, and the

rotor is suspended at each end with an air bearing. The reason for selecting

air bearings is to avoid the possibility of oil fogging the optical surfaces,

and to ax,-id mechanical noise. Figure 53c shows the optical lay out in

greater detail.
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The air bearings will probably have the shape of a hemisphere to prov.de the

rotor with both lateral and thrust support. The shafts which contain the

knife edge prisms will protrude through the centers of the air bearings.

The electronic logic circuits which convert the phototube signals to

coordinate error signals must be synchronized with the rotation of the

prisms. To accomplish this, a coating or strIp of magnetc material is

attached to the circumference of the motor rotor, arid a maLetic pickup

is placed close to the surface. Synchronizing pises and reset tones are

recorded on the magnetic material, and this information is repeated in the

magnetic pickup as the motor rotor rotates. Magnetic shielding is used to

orevent the magnetic field of the motor from disturbing the synchronizing

tape.

TABLE XII

Pointingr' irection
Side A Phototube A See s Phototube B Sees

i a+d b+c

a+c b+d

3 b+c a+d

4 b+d a+c..

5 a+d b+c

6 a+c b+d

7 b+c a+d

8 b+d a+c

33 a+d b+c

34 a+c b+d

35 b+c a+d

36 b+d a+c
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k. Error Detector Logic

The required polrr error signal at end "a b" is (a-b). Similarly,

the required polar error signal at end "c d" is (c-d). These signals can be

obtained by switching in the sequence shown in Table XIII and then smoothing

to obtain the polar error signal as a function of time.

TABLE XIII

Rotor Position Error at a,b Error at c,d

I A-B B-A

2 A-B A-B

3 B-A A-B

B-A B-A

5 A-B B-A

6 A-B A-B

7 B-A A-B

B -A B -A

33 A -B B-A

34 A B A B

35 B-A A-B

36 B -A B -A

- -It is significant that this switching sequence gives the correct error

signals when b 2h phototubes are working or if only one phototube is working.

When both phototubes are working the gain of the error signal isc<.. If one
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plototube becomes inoperative, the error signal is reduced to Oc /2. It

will be necessary to include the capability of detecting one phototube

operation and accordingly increase the electronic gain by a factor of

2 during periods of single tube operation.

_n addition to the desired error signal, there is an undesirable AC

signal at nine times the frequency of the rotor speed, i.e. polar error

signal. This undesirable signal can be raisd v a-.. od harmonic of

the rotor speed by changing the number of segments on the inner mirrors,

but the width of the light beams compared to the segment width limits

the number of segments which can be used.

a. Polar Coordinate Logic

A series of pulses and a burst of tone are recorded on

the magnetic material attached to the motor rotor. The pulses are

phased to the transition of mirror segments, and the burst of tone is

located between pulses 36 and 1. The tone (20-40 KC) is an activation

signal for resetting the detector logic, and the actual reset is accomplished

by pulse 1. The error detector logic is reset with each revolution of the

rotor to prevent loss of synchronization which could be caused by a

stray or missed synchronizing pulse. Any error from either of these

causes can exist only for one rotor revolution.

Pulses from the magnetic pickup are applied to a 6 stage counter.

- This counter has a capacity of 64 bits, but only 36 are used. The first

two stages of the counter (4 bits) are used to operate tbe polar coordinate

logic.

18
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Binary to decimal equivalents of the counter are shown below:

33 17 9 5 3 2l- io I L I
Binary Code 1 C C; ,e

01 2
10 3
11 4

100 5

As shown in the schematic diagram of Figure 56 a diode matrix obtains the

error signals for end "a, b". When the Flip Flop #2 is in the zero condition

the erior signal is obtained by taking the output of phototube A minus photo-

tube B. When Flip Flop #2 is in the one condition the error signal is obtained

by taking the output of phototube B minus phototube A. Stated in other terms,

" b.nary co-unts O and O1 yield A-B and binary counts z.O and 13. yield B-A. Circuits

used to obtain the polar error signal for end "c, d" are slightly more compli-

cated but still straight-forward. For end "c, d", binary counts 00 and 11

yield B-A and binary counts 01 and 10 yield A-B. End "c, d" requires 4 times

the diode =atrix circuits as end "a,b".

The filtered output of the error signal as a function of error detector

position has the general form shown in Figure 57a. T1his wave form can be

separated into its X and Y components shown in Figure 57 b and c.
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b. Cartesian Coordinate Logic

Te error signals b and c are in the form of a suppressed carrier.

To transform these error signals into cartesian coordinates it is necessary

to use a synchronous demodulator. The circuit is siple, requiring only

two diode bridges and two transformers. The reference signals for the c.cmo~u-

lator originate in the 36 bit counter.

Diode matricies are used to determine the follo-Ang counts: 1, 10, 19,

28. Diagrams of these matrices are shown in Figure 58 through 61. For

the "Y" component the diode bridges are switched at counts 1 and 19. For

the "'Y" ccnmponent the diode bridges are switched at 10 and 28. The same logic

applies for the error signals at both ends.

The processes required to generate the polar and cartesian coordinate error

signals resulted in significant harmonic generation at 2, 4, 9, and 27 times

the rotor rotational frequency. These harmonics require filter..ng, and the

requirements and effects of this filtering are discussed in the paragraph

devoted to servo problems.

The binary counter will be reset after each revolution of the motor rolor.

The tone burst will be separated from the synchronizing pulses with an audio

fiiter, and will be rectified and filtered to provide a reset pulse.

c. Synchronous Demodulation

A suggested circuit for synchronus demodulation is shown in Figure 62

Mhe demodulator is a conventional double ring diode bridge which requires two

transformers per modulator. A transfoonmer with a center tar secondary is

used as the input for the polar error signal. in accordance with standard
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wractice the diodes should be operated far into their conducting region during

the on condition, perhaps half of maximum current.

References for the demodulation bridge are taken from a flip flop. The

signal from the flip flop is transformer coupled from one of the emitter legs.

It will be noted that the flip flop has two reset inputs, labeled o 0 and 176,

and no counting input. For the 'TX" axis the o . input -:., triggered by t-he l

count and the TO input is triggered by the 19 count. For the "Y" axis the

o 0 input is triggered by the 10 count and thejT ) input is triggered by the-

28 count.

A total of 4 synchronous demodulators ill be required for each error

detector.

The circuit shown was selected because it illustrates the important

functions while remaining free of electronic sophistication. It is

recognized that the final circuit Fill have muny refinements.

i9
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D ArTiculation of Rotating Error Detector

1, Detector Mounting

The rotating error detector must be mounted at the center of

-he aberraseope such that the axis of the rotating kunife edge is paralle!

with the optical axis cf the inst-ument. Of the six possible degrees

of freedom, This rotating error detector mus; be capable of having

four, two in translation and two in rotation. Restr-4nt -',s- be pro-

vided for the other two possiblc degrees of freedom: rotation about the

optical axis and translation along the optical axis. The straightforward

manner in which this can be accomplished is by mounting each end of the

rctating error detector in a pair of linear slides as in machine tools

where the vertical slide is carried on the horizontal slides. This,

of course, is a complicated method of accomp]ishing the end result and

involves many slidln6 surfaces. In a hard vacimm nv on"t, it is

necessary to keep the number of moving parts to a mini s thus the

approach of one slide upon another will be ruled out.

Consideration was given to the use of linkages to perform the

required task, but the difficulty here is the cross coupling between the

horizontal and vertical motions. To separate the two, one mechanism would

be required to carry the second mechuiibm, again involving a large

number of parts. The most desirable mechanism is one which could provide

independent motion,

Since the final motion required is simply a translation (the rotation

of the error detector package in a given plane can be effected by difference

in translation of the two ends), consideration was given to using simply

four push-rcis to articulate the ends of the error detector. Restraint

from rotat .on about the optical axis could be provided by shaping the eu-ds
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of the push-rod like a "crow's foot". An end view of the error detector with

the push-rod drives i shown in Fiure 63.

Rotating Knife Edge Vertical Drive Rod

\Error Detector Package

I Horizontal Drive Rod

\ '
Horizontal Drive \ I
Spring Return

RuER Figure 63
Vertical Drive Spring

Return EIRROR DETECTOR SUPPORT

AND ARTICULATION SYSTEM

The ends of the rotating error detector will be shaped as a square and

thus the horizontal push-rods shaped as shown in Figure '3 will prevent

rotation of the entire package.

The requirement that no rotafin- ^-P 1ho entire package take place

should not be confused with the reouirement that the knife edge rotate

inside of the package.

Figure 64 illustrates the side view of the detector mounting.

Restraint along the optical axis is provided by making the end of one of

the push-rods a spherical end. This spherical end is seated in a precision

"V" groove normal to the optical axis. Only one such axial rv..straint can

be provided; it is obvious that two such restraints would yield a redundant

support. Thus, if the vertical drive articulates the error detector

package, it will simple slide across the faces of the horizontal drive-

rods.
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Dabrication of these surfaces can be accomplished by the use of

molybdenum disulfide. This lubricant is suitable for surfaces where

sliding contact is taking place.

2. Detector Drive

As mentioned above, the error detector package will be

articulated by four push-rods; two in the vertical plane and two in the

horizontal plane. The package will be retained in ,ith -our

additional push-rods which will spring load the detector package against

the driving push-rods.

Figure 64 illustrates a drive mechanism which uses Lervo motors.

Size 8 components are envisioned. Each motor (four are necessary) will

have a gearhead and a tachometer, the tachometer will be used for rate

feedback into the servo loop. The motor will drive one stage of external

gearing which in turn will rotate a cam. A cam follower roller will be

attached to the push-rod; thus the rotation of the cam will be transmitted

into linear motion of the push-rod. The rise of the follower'roller will

be linear with respect to the rotation of the cam. The cam center will be

offset from the push-rod axis in order to provide an advantageous

pressure angle to the follower roller. The cam becomes the critical element

in the design; however, the accuracy requirement on the cam is not

positional accuracy but that the incremental changes in the slope of

V" the cam be no greater than 20% of the average slope. This is true

because the servo motor will finally drive the error detector package

to the point where the stellar image impinges on the center of the

knife edge.

V- Figure 64 a synchro is shown geared to the cam and servo motor.

The purpose of this transducer is to indicate the satellite attitude error;
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the attitude error in the plane -hich includes the synchro is 'he differ-

ence between the synchro signals from the two ends of the error detector

package.

Previously in this report, it was mentioned thai the maximum displace-

ment which the error detector would experience (normal to the optical axis)

was plus or minus 0.10 inches, both in the horizontal and vertical direc-

tions. This represents a capability of traelinr ztellr ". i-s thru

a range of 400 seconds of arc. Assuming tentatively that the cam will

rotate 3200 in order to provide the plus or minus 0.10 inch travel, if

the synchro is geared directly to the cam, the scale factor at the synchro

-will be 4t0 seconds of arc of attitude error per synchro revolution. Con-

sldeering "-ro accuracy alone, the capability then exists of measuring

attitude errors to an accuracy of 0.1 seconds of arc.

The motor-tach-gearhead unit and associated gearing, cam and synchro

can be mounted as an integral sub-assembly. TW.o such sub-assembliesU
would nest into one area of the main aberrascope housing; an area which

I ccan be designed to be completely sealed from the ambient environment.

The push-rods will of necessity be required to emerge from the sealed

area; however, these rods can be sealed with metal bellows since

the range of linear uotion is so small. Yhus, there will be two sealed

areas in the main aberrascope structure; these areas will be located at

right angles to each other (with respect to the optical axis).
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E. Ph tnmu ..... e sjjt

In the previous qurterly report, consideration was given to the

arrangement of the photomultipi ier tubes to prcvide a raaximum of

reliability. Two aifferent types .f mounting systems vere considered.

One was the conventional type :f system which we called Type i where

each stellar image was uniquely assclated with only one photomultiplier

tube. The incoming energy upon strik i.ng a knife edge prism wuuld be

directed to the photcmultipller tubs after passing th. a chopper from

either of two paths fr n the two fa:es rf the knife edge. The two

telescopic systems would be m.letely independent of each other as

far as -,he detection system is cor-cerned. If the probability of

failure of one photomultipler tube is designated as pf, then the

probability of failure -.f 4.- entire aberrascope system (which involves

two aberrascopes) expressed as -7r is the following:
.L )

i = [pf (2- p 2 +2 Pf 2- p - P)
zf

In an alternate system which we called the Type II system, the stellar

images from both stars were c.m*!ne i" v' ri , --hopping system such that

cach of the two photomulttp-iers rereivei energy from both stars. While

the Type I system bl,-cked o~t the stelar energy 50% of the time, this

" (Type II) system utilizes sUl the inco ming energy 100% of the time. Again,

if p, is the probability if fsLure of one photomultiplier tube, the

probabLlity of failure of the aberrasccpe system wf is given as follows:

'rf pf f - .

The probability of failure fvn,-ticns for the two types of systems are

shown in Figure 59. The advantage cf the Type II system is shovn uite

forcibly in Figure 60. If the probability of failure of the individual

1.96



photomiltiplier tubes 's nct greater than 0.1, then it can be seen that

the TsTe I system has an advantage of a factor of 17 over the Type I

system. It is probab2y doubtful whetner a photomultiplier tube would be

considered for use if its probability of failure was greater than 0.1

I2I"
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F. Position Yeasuring Device

It has been mentioned already that the final output of the

aberrascope will be the data obtained from measuring the displacemeut

of the center of the error detector paeck. - Thi!s :easurement will be

accoplished by means of a pair of interferometers: one in each of the

two significant planes (horizontal and vertical). T." imterferoeter

will simply produte, Newtonian fringes in P pattern of concentric circles.

We are assuming here that the central element on the error detector has

a spherical surface so that the attitude changes of the satellite which

will cause the error detector package to pivot about its center will not

cause changes in the number of fringes.

With the use of helium light, the distance between fringes which is

one-half wave length will be 11.6 x 10- 6 inches. Then the change from a

dark area to a light area will be one-hlf of this distance or 5.8 x 10 - 6

inches. By using a photo sensor to detect either a dark or light area,

an electrical on-off type signal will be produced for every displacement

larger than 5.8 x 10-6. in terms of angle in the aberrascope, this minimal

displacement represents 0.012 sacr!ds of arc. Since this measurement is

made at the center of the knife edge, the actuac error sensitivity will be

twice as large, or 0.e4 seconds of arc. This 3lustrated in the sketch

below.

A
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Thus, the error sensitivity capability is more than adequate to meet

the requirements of the refractioni measuring aberrascope.

It can be recognized that a single photo sensor will not be

able to distinguish between the increase or decrease of the distance

between the fixed and moving elements of the interferometer. T.is

jpzoblem can be circumvented by using two sensors: the spacing between

positions will be such that while one is sens.ing a dark -:ea the otner

is sensing a light area. The fact that the second sensor is observing

either a light or dark area while the first sensor is changing from

light to dark will establish the direction of the motion.

L20
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VI. CONFIGUMATION OF STAR RAOMES

Since we are required to know" precisely which star is being

occulted at a given time in order to derive useful infcrmation, it

is necessary that we employ star trackers for collecting the basic

data. By measuring both the time of ingress and the time of egress

of each star it is possible to derive two transit* time measurements

from each star tracker during each rotation cf t1_1 = .Lte. *Thus

a minimum system rcquires that we use at least, star trackers.

However, for certain orbits. 2 of the 3 stars can be occulted

by the earth and sinze one star is inadequate to maintain the inertial

orientation of the star trackers, a problem of reacquiring the stars

is presented. If we add a fourth star tracker and arrange them as

shown in Figure 67 at least two stars will be in the field of view

at all times. Thus we will be able to maintain continuous altitude

control and, depending on the orbit, we will have either 4 or 8 star

transit time measurements por satellite,rotation.

With the arrangenent shown in Figure 67 tue stars are picked in

diametrically opposite pairs which are approximately orthogonal to

one another. The star selection is made in this manner because of

the possibility of mounting the two telescopes back-to-back and

canceling their alignment errors by rotating them about their common

optical axis; also in this way the refraction of the starlight which

is passing through the earth's atmosphere can be more accurately

measured if it Js compared with its diametrically opposite companion.

*T-ne word "transit" in this case is taken to mean "the passage of a smaller

body across the disk of a larger". Thus an ingress and an egress of a
given star represents two transits across a planetary limb.
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Assume that the orbit is such that ons 1.L 'zf stars is never

occuited by the earth. In this case there will be only 4 star transit

time measurements per rotation and we do not have enczgh information

to completely define the elements of the orbit. Since we can deter-

mine the semi-major axis from one complete rotation, the remaining

information enables us to calculate all the other orbital elements

except the orbital inclination. Since the imc1!nat: vf Lhe orbit

relative to the eauatorial plane is constant, a previous determina-

tion of this parameter could be used. Another method of deriving

r the orbital elements in the special case where only one pair of stars

is occulted is to measure the transit time of ingress or egress of

the sun. This would involve the addition of some extremely simple

instrumentation to the basic systeia and along with the star transit

times would provide a basis for calculating all orbital parameters

directly.

In order to better understand the problem of star selection for

various orbital planes, consider Figure 68. In this figure we have

shown the transit boundaries for one, two and thrzs aberrascopes.

In drawing these transit boundaries a 300 n. mile circular orbit was-

assumed. In t._ case_ th incmb cr of each diametricahiy opposite

pair can be tracked over a central arc of about 440 as sbown. Fo

the case in which one star pair is used, orbits which lie within 22* of

the X-,Y plane will involve no occultations. All other orbits will

involve at least 4 star transits. For the case in which two star

pairs are used, the least number of occultations is seen to be 4.

This occurs for orbital inclir.ation lying within 22* of either the

X-Z o, Y-7, planes. For all other orbital inclinations 8 star
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transits will be observed. In the last case with 3 orthogonal star pairs,

either 8 or 12 star transits will be observed. -he shaded areas of

Figure 68 denote positions where no stars will be occulted.

The transit boundaries zho-wn in Figure 68 are dependent on the

Positions of the stars only and earth's pole or the plane of the orbit

may be in any position relative to these patterns. For most orbits, it

is only nccessary to track 4 stars and for thi! c ca :' 4 or 8 star

transit timc measuremcnts will be obtained per rotation. If the plane

of the orbit should happen to intersect with the plane defined by the

two Dairs of diametrically opposite pairs, the error in the computation

of the orbital plane,rs-and i will be very large as shown in Section IV-c.

The two major problems in tracking two diametrically opposite

star pairs are that (1) in certain cases orbits can be obtainsd in

which only 4 star transit time measurements are available, and (2)

large errors w:ll exist in the calculation of the plane of the orbit

if it coincides with the plane of the stars.

i Figure 69

Star Tracker Geometry
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in ordcr .o - these two problems one mi.ht zonsider a

geometrical arrangement of 4 star trackers in which the angles between

all of the stars are the same.

',lith the planar configuration shc.. . in Figure 69 as a sarting condi-

tion, asq, n - = 900. We now wish to increase-) until =

Therefore, frm the geometry we may write

Q 180 - 2)7

M COStr!Cos cs

Therefore

2 cos-1  = 180 - 27

tan". -

= 350 17'

Thus we now have an arrangement of star trackers in which the

angles between all of the stars are the srzie and equal to 1800 - 2(350 17')

- 1090 26'. This is shown in Figure 70. We now no longer have all 4

stars lying in the same plane, but we have 6 different planeb. Because

of this there is no degeneracy in the calculation of any of the orbital

elements. In addition, if the altitude of the orbit is not greater than

800 n., miles, 6 star transits will be obtained for all orbital inclinations.
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It ib not possible to specify a preferred geometrical arrangement

of the 4 star trackers which is the best one for a completely self-

contained navigation. in general, one must consider:

1) the semi-major axis,

2) the eccentricity,

3) the orbital inclination,

4) the argument of the perigee,

5) the longitude of the nodes, and

6) the shape of the planet as it effects 'Ue rate of
change of 4) and 5).

A configuration of star trackers should be selected which provides:

1) a minimum of five stellar transits per rotation,

_ the -inimum/maximum values of the error parametric
sensitivity coefficients, and

) the -i- lest or -ost ecie instr.ments for the

measurement of star transit times.
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